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Abstract
Microsatellites have become increasingly popular in recent years as they offer sig-
nificant cost savings, higher reliability, and are generally more affordable for a large
variety of commercial applications. Since many microsatellite missions require consid-
erable propulsion capabilities, miniaturization of the propulsion subsystem is critical
in the design of most miniature spacecraft. A broad range of existing propulsion
technologies have been considered for the purpose of identifying those devices which
maintain high performance at small scale. Scaling laws were developed for each of
the selected devices so as to preserve, whenever possible, the basic non-dimensional
quantities which ultimately determine the performance of the individual thrusters at
small scale. Hall thrusters were initially identified as most promising. In an effort
to miniaturize the Hall thruster, a number of complications have been encountered.
Some of the most troublesome were higher magnetic field requirements, larger internal
heat fluxes and temperatures, and difficulties associated with the manufacturing of
the various miniaturized components. In order to validate the proposed scaling laws,
a 50 Watt Hall thruster has been designed, manufactured, and tested in a vacuum
tank. Results of the experimental testing indicate that, although the maximum thrust
levels obtained were on the order of 1.8 mN, about two thirds of the nominal design
value, the propellant utilization efficiencies were unexpectedly low at approximately
40%. Close examination of the magnetic assembly has shown that the tip of the iron
center pole was overheating during operation due to the insufficient heat conduction.
The tip temperatures were estimated to reach 900'C, exceeding the Curie point of
iron. As a consequence of the change in the magnetic field profile and the resultant
leakage of electrons, the observed ionization fraction and, therefore, the utilization
efficiency were lower than expected. Despite the low efficiencies, which were most
likely caused by the design imperfections rather than physical limitations, the effort
to miniaturize a Hall thruster has provided a number of useful insights for any such
attempts in the future. Most importantly, this work has highlighted the generic dif-
ficulty, common to all plasma thrusters, associated with the increase of the plasma
density as the scale of the device is reduced. The consequences of strict scaling, most
notably the higher particle fluxes which cause an increase in the erosion rates and
significant loss of operating life at small scale, created a strong incentive to search for
propulsion schemes which avoid ionization by electron bombardment.
In the quest for a more durable device that could operate at low power, yet provide
sufficient operating life to be of practical interest, colloidal thrusters were considered
for miniaturization. These are representatives of a technology of electrostatic acceler-
ators which does not rely on ionization in the gas phase and, hence, their operating life
is not compromised at small scale. In addition to their intrinsically small dimensions
and extremely low operating power levels, eliminating the need for further "miniatur-
ization", colloidal thrusters possess a number of desirable characteristics which make
them ideal for many microsatellite missions. Although the physics of electrospray
emitters has been studied for decades, many of the mechanisms responsible for the
formation of charged jets are still poorly understood. In order to gain further insight,
a semi-analytical fluid model was developed to predict the effects of fluid's viscosity
on the flow pattern. Results of the analysis indicate that over a broad range of oper-
ating conditions viscous shear flow is insignificant in the vicinity of the jet irrespective
of the fluid's viscosity. In an attempt to further understand the physics of colloidal
thrusters, specifically the effects of internal pressure, electrode geometry, and the in-
ternal electrostatic fields on the processes involved in the formation of charged jets, a
detailed electrohydrodynamic model was formulated. A numerical scheme was devel-
oped to solve for the shape of the fluid meniscus given a prescribed set of operating
conditions, fluid properties, and electrode configurations. Intermediate solutions for
the conical region have already been obtained, however, convergence in the vicinity of
the jet requires further studies. A fully developed model promises to provide valuable
information and guidance in the design of colloidal thrusters.
Thesis Supervisor: Manuel Martinez-Sanchez
Title: Professor
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Chapter 1
Introduction
1.1 Advantages of Micro-satellites
Ever since the very beginnings of man's ventures into space, costs of delivering and
deploying complex multi-functional spacecraft and scientific instruments into orbit
have played a major role in their design and implementation. Although launch vehicle
capabilities have improved significantly over the past thirty years, allowing larger and
more capable spacecraft to be launched, recent changes in government policies and
defense spending as well as the resulting budget constraints have shifted the emphasis
of most spacecraft manufacturers almost entirely to cost. Reduction of these costs is
the main incentive for producing and flying small scale satellites [1].
Although the benefit of flying smaller and, therefore, lighter spacecraft from the
overall launch cost perspective may be apparent, additional advantages make micro-
spacecraft a viable alternative for a number of potential missions. For instance, func-
tionality of a single spacecraft can be effectively distributed among several smaller
vehicles, thus reducing the complexity of each individual spacecraft, reducing the de-
sign and manufacturing costs per satellite, and improving the reliability of the overall
system. The need for integrating a number of diverse and, at times, incompati-
ble functions on a single spacecraft in the past has produced compromised solutions
which often suffered from poor and inefficient designs. By redistributing functionality
and focusing on the individual subsystems and components at a functional level, sig-
13
nificant improvements in the design efficiency could be achieved. Lastly, reduction of
the complexity of individual spacecraft would facilitate rapid prototyping, lower the
development life-cycle, and stimulate more efficient and economical production and
manufacturing practices. Even if the functionality of a spacecraft were reduced in
proportion, lower costs of the resulting less capable spacecraft may attract additional
users thus broadening the spectrum of applications and opening up new avenues in
space exploration [2].
The recent emphasis on cost reduction and down-sizing of spacecraft has forced a
reevaluation of technologies which may have critical impact on spacecraft mass. For
many commercial, scientific, and military missions on-board propulsion has been a
dominant contributor to the overall mass of the spacecraft. As many of these mis-
sions generally require a wide range of on-orbit functions, including orbit raising,
drag makeup, station-keeping, and attitude control, the use of miniature high per-
formance propulsion on board of these spacecraft would help reduce the subsystem
weight and, therefore, aid in achieving the ultimate goal of deploying cost-effective
and reliable spacecraft. Recent communications and remote sensing missions intro-
duce additional requirements for constellation maintenance and mandatory end-of-life
deorbit, both of which result in the increase of the overall propulsive requirements.
New spacecraft architectures, costs of ground testing and handling of toxic or hyper-
golic propellants all lead to the considerations of alternative propulsion technologies,
once again demonstrating the urgent need for development of more capable miniature
high-performance propulsion.
1.2 Propulsion System Options
The choice of an appropriate propulsion system for most spacecraft is primarily dic-
tated by the specific mission objectives that nowadays demand increasingly better
propulsion capabilities. A number of recent scientific missions, such as JPL's LISA
mission (Laser Interferometer Space Antenna), require low thrust propulsion capable
of delivering precise impulse bits at the thrust level of about 1-20 pN. Due to the
14
insignificant use of on-board propulsion and small overall velocity increments (AV)
such missions can tolerate lower specific impulse and efficiencies. On the other hand,
missions intended for long duration deep space exploration (such as New Millennium
DS-1), which require large velocity increments, usually optimize in the high specific
impulse (Ip) regime at 2, 000 sec and above. A large number of near-Earth missions
such as constellation flights or missions requiring north-south station keeping, drag
makeup, and other moderately intensive orbit maintenance maneuvers, all optimize
in the intermediate I1, range between 1, 000 and 1, 600 sec. Electric thrusters capa-
ble of efficiently delivering low thrust within a wide range of I, become suitable for
a majority of such missions accommodating a diverse set of requirements, ranging
from performing auxiliary attitude/position control tasks to economically delivering
substantial velocity increments over extended periods of time. A summary of the
propulsion system options to satisfy specific mission requirements is detailed in Ref.
[3].
1.3 Goals & Objectives
A number of existing electric propulsion devices already possess those desirable char-
acteristics that make them ideal for a number of representative micro-satellite mis-
sions. It may, therefore, be possible to scale these devices down to a length scale
at which they can be efficiently operated at low power. The power levels to which
these devices can be scaled are arbitrary, however, it is expected that scaling limi-
tations will, in general, impose constraints on the achievable reduction in size and
power. Those devices that are deemed to be most promising at small scale can be
subsequently modified so as to preserve their basic operating characteristics, then
miniaturized, manufactured, and tested to validate the scaling laws used in their de-
sign. The objective of this work is multi-fold. First, a generic scaling evaluation and
an overview of some of the existing propulsion technologies will be performed. This
will be accomplished by modeling their operating characteristics based on the known
physics of these devices while, at the same time, identifying potential performance
15
limitations and implementation hurdles. A uimber of operational and handling issues
will be considered as well.
A single device which is suitable for mniiiaturization and shows greatest potential
for microsatellite applications will be selected and pursued further through devel-
opment, manufacturing, and testing. Some of the physical limitations encountered
in the scaling process will be analyzed and addressed in the design. Results of the
experimental testing would be used to assess the validity of the scaling model and
reveal challenges, if any, in the design and implementation of similar devices at small
scale. Recommendations as to the possible improvements will be made based on the
accumulated body of knowledge and experience. A number of alternative technologies
will be considered for miniaturization as well. Numerical modeling will be employed
to gain further understanding of the physics and the operational characteristics of
these novel devices to enable future design and implementation.
16
Chapter 2
Scaling of Existing Propulsion
Technologies
2.1 Introduction
The goal of this chapter is to provide a comprehensive overview of the existing propul-
sion technologies, emphasizing scalability of the major performance metrics such as
the specific impulse, efficiency, and life, subject to the reduction in size and operating
power. Simple scaling arguments based on the governing physics will be presented and
employed in each case, as appropriate, to demonstrate feasibility of miniaturization.
The following technologies will be considered: ion thrusters, Hall thrusters, con-
tact ionization thrusters, pulsed inductive thrusters, colloidal thrusters, and Field-
Effect Electrostatic Propulsion (FEEPs). For the purposes of the discussion, these
technologies will be subdivided into two categories: those relying on gas phase ion-
ization (ion thrusters and Hall thrusters) and those relying on alternative means of
ionizing the working fluid. Operation and scaling of gas-phase ionization devices will
be discussed first. This will be followed by the analyses of the remaining systems with
the objective of identifying those which demonstrate superior performance at small
scale.
17
2.2 Hall Thrusters
2.2.1 Principles of operation
Hall thrusters were originally developed in Russia in the 1960s and since then have
been extensively studied, both theoretically and experimentally. Nowadays, although
somewhat less efficient than the state-of-the-art ion engines, their relative simplicity
and compactness make Hall thrusters quite attractive, especially at small scale.
Hall thrusters accelerate ionized propellant through an electrostatic potential,
thereby ejecting ions at high speed and producing thrust by reaction. A schematic of
a generic Hall thruster is shown in Fig. 2-1. Ionization of neutrals relies on collisions
of neutrals with the electrons. Electrons are emitted by the cathode as they enter the
ionization zone where they are trapped in the magnetic field preventing them from
streaming directly into the anode. Through collisions and turbulent scattering, both
primary and secondary electrons can penetrate the magnetic field lines towards the
anode, sustaining the ionization discharge. A potential difference externally applied
between the anode and the cathode produces an axial electric field. The two fields
set in mutually perpendicular directions result in an electron E x B drift motion in
the azimuthal direction, perpendicular to both the electric and the magnetic fields.
The ev x B force on the electrons due to this drift balances the electrostatic force on
them, and the corresponding reaction on the magnetic assembly transmits the thrust
to the body. This is the origin of the generic "Hall Thruster" designation for this
device.
2.2.2 Ionization efficiency
The Hall thruster technology has by now reached its maturity and over the course
of the past 20 - 30 years individual thruster assemblies have been experimentally
optimized with respect to the various configurations and operating regimes. It is,
therefore, desirable to preserve these optimum characteristics (e.g. specific impulse
and efficiency) under scaling. This can be accomplished by identifying the relevant
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Figure 2-1: Hall thruster schematic
parameters that govern their physics and enforcing them to remain constant under
scaling. All the basic plasma characteristics in gas-phase ionization devices rely heav-
ily on the ionization process, whereby the neutrals are ionized in collisions with the
electrons. As the size of the device is reduced, all else remaining constant, the number
of collisions that the electrons and the neutrals experience with each other as they
traverse the effective length of the device is reduced. Thus, in order to maintain the
effective collision probability, it is necessary to increase the number densities of all
the species in proportion. Equivalently, the mean free paths of the species between
the consecutive collisions must scale with the characteristic length of the device:
A Vn, 1h = =( ) 1 (2.1)
L ceQ nL
where A is the mean free path, n is the particle number density, Q is the collision
cross-section, L is the characteristic size of the device, vn and ce are the thermal
velocities of the neutrals and the electrons respectively. It was shown in Ref. [4],
that the electron energy equation is consistent with the assumption that the electron
temperature is constant and independent of scale, hence ce must remain constant
(refer to Appendix A for additional details). Therefore, the number density can be
written as:
n (2.2)
Lh
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indicating that at constant h the number density n must scale inversely with size, as
expected. Incidentally, surface erosion rates of the thruster components exposed to
the ion beam are proportional to the ion flux into the wall which scales in propor-
tion with the ion number density. Therefore, the expected life of exposed thruster
components would scale as the ratio of the characteristic thickness to the erosion rate:
Tife ~ - L2h (2.3)
n
Existing 1.35 kW Hall thrusters have undergone laboratory lifetime tests and have
demonstrated a maximum life of just over 7, 000 hrs. Thus, a ten-fold reduction
in operating power would already decrease the theoretical operating life to only 70
hours. It is the lifetime limitation that makes miniature gas-phase ionization thrusters
impractical for most long-term missions (unless scaling and performance are relaxed,
as discussed in Sec. 4.5). The on-board power processing equipment is generally
dominated by the weight of the solar array whose weight scales as the array area
(L 2). Since the thruster mass, which scales as L3 , becomes less and less dominant in
comparison to the power processing equipment at small scale, the overall lifetime can
be improved by introducing a system of redundant thrusters. In addition, properly
chosen materials and magnetic field configurations can reduce the erosion rates and
improve lifetime even further. A graphical summary of these scaling arguments and
their consequences is schematically shown in Fig. 2-2. The lines of constant plasma
density are shown as hyperbolas of the form n = 1/Lh. It can be seen that, although
the lifetime generally suffers at small scale, additional improvements are possible at
small values of L by compromising on the invariance of the scaling ratio h.
2.2.3 Confinement of electrons
Under the influence of an applied electric field, electrons emitted by the cathode
are free to migrate towards the anode, in which case their residence time in the
ionization region would not be sufficient to produce ionizing collisions with neutrals
and sustain ionization. An external magnetic field is generally employed for the
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Figure 2-2: Scaling of plasma density
purpose of trapping the electrons so that they can spiral around the magnetic field
lines, thus increasing their residence time within the chamber. The ratio (f) of the
Larmor radius to the thruster dimension can be used as a quantity characterizing
the effectiveness of such a confinement scheme (refer to Appendix A for details). For
adequate confinement f must be much smaller than unity. In fact, typical values of f
in the existing Hall thrusters range anywhere between 0.008 and 0.01. The quantity
f can be expressed as follows:
TL (MV) 1f TL(T BVL (2.4)
To preserve f under scaling the strength of the magnetic field must vary inversely
with length:
B (2.5)
L f
This result indicates that, in order to maintain sufficient confinement of electrons,
stronger fields are required at small scale. Existing 1.35 kW Hall thrusters operate
at a magnetic field strength of 0.02 T. Keeping f constant, a thruster with a ten-
fold reduction of power would require a field strength of 0.2 T. The following section
addresses the feasibility of creating such magnetic fields and discusses the options
available to do so.
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2.2.4 Magnetic confinement schemes
Most of the existing Hall thrusters in the power range between 200 W and 5 kW utilize
electric coils to produce the required magnetic field. Ion engines, on the other hand,
due to their intrinsic geometry generally use permanent magnets. It is interesting to
first examine whether electric coils are still practical at small scale. To do so, consider
a simplified model of a magnetic circuit with a narrow gap g driven by a coil with N
turns and carrying a constant current I. The strength of the magnetic field produced
within the gap is given by the following relation:
B N (2.6)9
Since g is proportional to L and B scales as 1/Lf, the product IN must scale as
1/f. Although it is not always the case, it is useful to assume for the purposes of
the current discussion, that most Hall thrusters use their main discharge current to
drive the magnets. The discharge current I can be determined as the product of the
current density times the area of the device:
L
I ~ jL2~ nL2 ~ - (2.7)h
Suppose, for simplicity, that h is kept constant. Then, I - L and N ~ 1/Lf. The
coil resistance scales as the total wire length NL divided by the cross-sectional area
of the wire L2 /N, so that:
N2 1R ~-- ~ L 2 (2.8)L LPf 2
The power dissipated as heat is given by Q = 1 2R. In steady state Q must be
conducted out to the surroundings, therefore, Q ~ ATL or:
1AT ~ (2.9)
L 2 f 2
This result suggests that if the temperature of the coils in a large thruster is elevated
by only ten degrees with respect to the surroundings, a five-fold reduction in size
22
ffL=const
SI L
Bma T
Figure 2-3: Scaling of magnetic confinement schemes
would create a temperature elevation of 250 degrees ! It is, therefore, quite clear that
electric coils are not suitable for miniature devices. The strongest existing permanent
magnets, on the other hand, (such as SmCo alloys) are capable of producing magnetic
fields on the order of 1 T. It is that figure of merit, representing the maximum
achievable magnetic field strength, that limits the scalability of gas-phase ionization
devices. A generic representation of the scaling for the magnetic field is illustrated
in Fig. 2-3. The lines of constant magnetic field strength are hyperbolas of the form
B = 1/Lf. The lines of constant AT are also hyperbolas of the form AT 2 = 1/Lf.
The dotted line represents an upper temperature limit beyond which electrical coils
are no longer practical. The boundary on the left-hand side is the field strength limit
beyond which no known magnet exists that can produce the required field and beyond
which scaling at constant f is no longer feasible.
2.2.5 Performance analysis
It is the purpose of this section to utilize the previously developed scaling relations to
discuss the scalability of thruster efficiency and specific impulse. As a result, it may
be possible to infer the limitations of the attainable performance of Hall thrusters at
small scale in comparison to the competing technologies.
An axial electric field created between the anode and the cathode imparts ki-
netic energy to the ions ejecting them at high speed. Their exhaust velocity can be
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determined by applying conservation of energy:
I2eV
C = e(2.10)
where mi is the ion mass, and V is the applied voltage. Clearly, in order to preserve
the specific impulse, it is necessary to keep the applied voltage constant. The thruster
efficiency can be determined as the ratio of the useful beam power to the input power
in the form:
mc2
21V (2.11)
where rm is the mass flow rate, I is the anode current, V is the applied voltage, and c
is the exhaust speed. Since the flow rate scales as the product of the plasma density
and the area nL 2 while the current scales with L, the efficiency must scale as:
nL2
~L ~ (2.12)
and, therefore, remains constant. It has been shown [4] that the major loss mecha-
nisms associated with recombination of ions at the walls, radiation losses, as well as
the propellant utilization mila/e all scale in proportion to the characteristic dimen-
sion L, confirming that the obtained efficiency must, indeed, be independent of scale.
The analysis of some of the relevant loss mechanisms is presented in Appendix A.
Incidentally, currently existing 1.35 kW Hall thrusters have demonstrated efficiencies
on the order of 50 - 55%. It is, therefore, conceivable that a miniature Hall thruster
could be built to operate at an Ip of 1,600 sec with a comparable efficiency.
2.3 Ion Engines
2.3.1 Principles of operation
In their standard configuration ion engines accelerate ionized propellant through a
set of extractor grids expelling ions at high speed and producing thrust by reaction.
A simplified diagram of an ion engine is schematically shown in Fig. 2-4. The main
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Figure 2-4: Ion thruster schematic
distinction in the configuration of ion engines compared to that of Hall thrusters is
that ion engines make use of a set of grids to accelerate ions and, therefore, require
an additional power supply to sustain ionization discharge and another power supply
to heat the cathode filament which emits electrons within the ionization chamber.
Due to this additional complexity, ion engines are generally considered inferior to
the Hall thruster, even though, because of the larger operating voltages, they usually
demonstrate efficiencies 5 - 10% higher than the Hall thrusters.
Although the scaling analysis for ion engines is similar to the one performed for
the Hall thrusters, it is worth developing the model from first principles. It will be
shown shortly that, unlike the geometry of Hall thrusters, the grids of an ion engine
do not scale geometrically with the ionization chamber. For that reason, the overall
configuration of a miniature ion engine needs to be revisited and the invariance of
certain characteristic quantities, in general, can not be automatically assumed.
2.3.2 Confinement of neutrals
The geometry of a typical ion engine is such that the neutrals are free to escape from
the ionization chamber through the grid holes without encountering any ionizing
collisions with the electrons. In order to ensure that a sufficient percentage of the
neutrals are ionized, it is necessary for the residence time of the neutrals within the
ionization chamber to be much longer than the mean time between ionizing collisions.
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The residence time of the neutrals within the ionization chamber is given by:
t min, nV (2.13)tres =(.3
where n, is the density of neutrals, r is the flow rate of neutrals, and V is the volume
of the ionization chamber such that V = AL where A is the cross-sectional area of
the device and L is the chamber length. The mass flow rate of neutrals escaping
through the grid holes can be expressed in terms of the effective open area fraction
(transparency ratio) #n as follows:
mn- m- in An (2.14)
On the other hand, the mean time between the ionizing collisions is given by:
1 _ 1
t - - - 1(2.15)
vi neCeo~i
where ne is the electron density, ce is the mean thermal velocity of the electrons, and
oi is the ionization cross-section. In order to ensure that at least one ionizing collision
occurs during the time that a neutral particle resides within the ionization chamber,
tres must be greater than ti, or:
4LrieCeOi> 1 (2.16)
cn#,n
Disregarding quantities which are independent of scale (assuming Te is invariant), the
above equation reads as follows:
~eL const (2.17)
If #n were to remain constant, the latter relation for the number density would be
consistent with the one obtained earlier for the case of Hall thrusters.
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2.3.3 Confinement of electrons
Although the idea of scaling the Larmor radius in proportion to the size of the device is
still applicable, the cusped geometry of the magnetic field lines permits the additional
freedom of placing the anode such as to allow an appropriate proportion of electrons to
be captured. Just as in the case of the analysis for the neutrals, it is useful to examine
the relative magnitudes of the mean time for a primary electron to encounter an
ionizing collision and the mean diffusion time of such an electron across the magnetic
field lines. The mean time for a primary electron to ionize a neutral is given by the
following relationship:
t 1 = (2.18)
nn lVP ai
where vP is the mean velocity of primary electrons. Assuming Bohm diffusion to be
the dominant transport mechanism, the mean diffusion time for a primary electron
is given by:
L 2 16eBav
tdif5 ff2 A ae (2.19)A kTe
where Bave is the effective magnitude of the magnetic field within the region where
electrons reside while diffusing towards the anode. A dimensionless geometrical factor
f has been introduced to account for the relative location of the anode with respect
to the magnetic poles (large f when the anode is "between cusps", smaller when it
is directly in line with one). Larger values of f are equivalent to a reduction of the
diffusivity A, hence, yield a longer time for an electron to diffuse to the anode. For
sufficient utilization of the primary electrons tdiff must be of the same order as ti, or:
f2 ABavenn ~ 1 (2.20)
Since the input power scales with nA, one can rewrite the above relation as follows:
f 2 BaveP ~ 1 (2.21)
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With the exception of an additional geometrical factor f, this result is identical to
the one obtained earlier for the scaling of the magnetic field in Hall thrusters. In this
case, however, additional flexibility is offered by allowing the appropriate placement
of the anode to draw just enough primary electrons to sustain ionization discharge.
It should be noted, however, that if the effective Larmor radius is chosen to be of the
same order as the dimension of the ionization chamber or less, most of the electrons
would be rapidly drawn towards the anode irrespective of its position. Hence, ion
thrusters, just as the Hall thrusters, suffer from a similar lower bound on the size
determined by the maximum attainable magnetic field. Taking the mean field to be
on the order of 0.1 Tesla, the corresponding minimum chamber size for which the
electrons are still sufficiently confined is about 1 - 2 mm. The currently existing
models of ion engines already utilize magnets which produce magnetic fields on the
order of 0.1 - 0.2 T. It may, therefore, be difficult to achieve large reduction in
size and power without sacrificing electron confinement characteristics. One way to
partially offset this complication is to make the magnets proportionally larger as the
chamber size is reduced. In such a case, the region occupied by the electrons will
be disproportionately closer to the magnetic poles resulting in concentration of the
field strength at that location and, therefore, improving the confinement efficiency.
Conclusive analysis of such a scheme, however, requires detailed numerical modeling
and will be avoided for the purposes of this preliminary analysis.
2.3.4 Scaling of the ion optics
Most of the existing models of ion engines utilize an extractor grid with a large
number of holes sized in such a way as to be no larger than twice the characteristic
Debye length. Had the holes been larger in diameter, the electrodes would have been
completely shielded by the sheath and the ions would have been free to escape from the
ionization chamber without undergoing any acceleration. Although smaller holes are
acceptable as well, manufacturing these introduces unnecessary fabrication/assembly
difficulties and is usually avoided. Following this logic the expression for the hole size
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can be written as
CokTe eV *
dh =2 (2.22)
e2nen. kTf/
Since the plasma density scales inversely with L/$4, the hole diameter would scale
as:
dh ~ (2.23)
This result indicates that the holes become larger in proportion as the size of the
device is reduced and, thus, fewer holes will be needed in a smaller grid:
D2D2
Nh D On D nL (2.24)
hd
It is, therefore, plausible that a small enough chamber could be built such as to require
only one hole. Just for the purposes of illustration, one such design would consist of
a 2 mm long chamber with a transparency ratio @ of 0.2, the resulting hole size of 1
mm, and the corresponding chamber diameter of 2.3 mm.
As it was mentioned earlier, grid spacing does not scale photographically with
the rest of the structure. A scaling relation for the grid spacing can be obtained by
examining the current density limited by the effects of the space charge:
V3/2j (2.25)
Since the current density j is proportional to the plasma density, which scales as 1/L,
at a given voltage V grid spacing varies as:
d ~ v'L (2.26)
indicating that the grid spacing becomes proportionately larger at small scale. This
result is of no major consequence to the overall thruster design, other than the fact
that it may alleviate some of the manufacturing difficulties associated with the pro-
duction of grids in comparison to their larger counterparts for which grid separations
are already on the order of 1 mm.
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2.4 Pulsed Inductive Thrusters
2.4.1 Principles of operation
High power Pulsed Inductive Thrusters (PITs) have been originally introduced in
the 1960's, however, since then have not received much attention. PITs accelerate
propellant away from its walls, hence, unlike miniature Hall and ion thrusters, PITs
may not suffer from intensified erosion rates and degradation of life and, along with
their controllability advantages could be promising for micro-satellite applications.
PITs operate by injecting puffs of gas over a coil which is subjected to a set of
periodic current impulses (see Fig. 2-5). The time varying magnetic flux produces
a circulating electric field within the gas causing an electrical breakdown to occur.
The resulting plasma ring carrying electrical current is magnetically accelerated away
from the coil producing thrust transmitted to the coil by reaction [5].
2.4.2 Loss mechanisms and scaling
Two major loss mechanisms have been identified in the operation of PITs - those due
to shocks and those due to Ohmic losses in the plasma ring. Shock losses arise from
the well-known "snow-plow" effect [5], whereby the region of gas located further away
from the coil is unable to ionize as it is partially shielded by the self-field of the plasma
ring created in close proximity to the coil. The ionized ring accelerates through the
remainder of the neutral gas, resulting in heavy dissipation. Ohmic losses in the
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plasma ring, on the other hand, arise due to the finite conductivity of the plasma. It
has been shown in Ref. [5] that the characteristic thickness of the plasma ring scales
in proportion to the square root of the thruster dimension, indicating that a thicker
layer of gas can be ionized and accelerated as the size of the device is reduced. In
fact, a device 1 cm in diameter would produce a plasma ring whose thickness is of the
same order as the gas layer itself. It can, therefore, be argued that shock losses will
have either minimal impact on the thruster performance or be completely eliminated
at small scale. Ohmic losses, however, exhibit less desirable characteristics. These
losses can be estimated by determining the ratio of the induced electric field due to
the variation of magnetic flux in time to the electric field due to Ohmic resistance in
the plasma:
Rm = E (2.27)
Eo
The quantity Rm is known as the magnetic Reynolds number which indicates the rel-
ative importance of resistive losses in the induction-driven accelerators. The induced
electric field generally scales with the motional EMF which is given by:
Ej = v.B, (2.28)
where v, is the velocity of the ring and B, is the magnetic field, while the field in the
plasma ring can be determined from:
E0 = - (2.29)
where j0 is the azimuthal current density in the ring and o is the electrical conductivity
of the plasma. The current density jo can be determined from the Ampere's law:
V x B = p0 j (2.30)
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or, written for the azimuthal component of the current:
1= - ~ ~ -- (2.31)
YtO 1Z P~oZ
Substituting the above relationships into the expression for Rm one has:
Rm = /IoVZ (2.32)
The quantity z can be interpreted as a characteristic size of the plasma ring, while
the electrical conductivity of the Coulomb dominated plasma is given by:
e (2.33)
meceQei
The speed of the ring v which determines the Ip of the device as well as the quantities
appearing in the expression for o are independent of scale. Since z D /15, where D is
the characteristic size, the magnetic Reynolds number will decrease as the size of the
device is reduced, resulting in the relative increase of Ohmic losses and degradation
of efficiency. To put this argument in perspective, Ref.[6] reports a PIT (1 m in
diameter) operating at an average power of 100 kW PIT (assuming 10,000 to 1 duty
cycle) which has successfully demonstrated efficiencies on the order of 50 - 60% and
an I, of 3,000 - 6, 000 sec. The magnetic Reynolds number Rm for this device was
on the order of 100, indicating that resistive losses were negligible in comparison to
the operating power. On the other hand, a 1 cm device operating at 10 kW under
similar conditions would yield a Reynolds number Rm on the order unity, indicating
that a sizable fraction of the power coupled into the plasma by induction would be
dissipated as heat. It is this intrinsic limitation of the induction devices in general
that makes them impractical at power levels below about 10 kW.
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Figure 2-6: Schematic of a contact ionization thruster
2.5 Contact Ionization Thrusters
In the quest for a more durable device that could operate at low power yet provide
sufficient operating life to be of practical interest, contact ionization thrusters were
considered for miniaturization. They do not rely on collision-based ionization, hence
do not require the usual increase in the plasma density to counter the reduction
in size. Although erosion is intrinsically unavoidable, it is anticipated that these
thrusters are less likely to suffer from quadratic decrease in operating life and, thus,
become excellent candidates for miniaturization.
2.5.1 Principles of operation
It was originally proposed and later demonstrated by Langmuir that a heated surface
of a metal with high electron work function #e immersed in a vapor of an alkali metal,
whose ionization potential #2 is lower than #e, would convert some of the alkali atoms
into positive ions. These ions can be electrostatically accelerated to high speeds
producing thrust by reaction similar to the operation of a typical ion engine. The
schematic of a contact ionization thruster is shown in Fig. 2-6.
Existing models of contact ionization thrusters normally consist of a porous tung-
sten ionizer heated to temperatures on the order of 1, 200 -1, 400 K and utilize cesium
as a working fluid. Any surface contamination lowers the work function of the ionizer
and seriously impairs its ability to ionize the propellant. High ionizer temperatures
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are, therefore, necessary to help evaporate alkali particles off of the surface and main-
tain adequate ion production in steady-state. Too high a temperature, on the other
hand, enhances thermionic emission of electrons from the cesium absorbed on the
surface, partially neutralizing some of the ions and reducing the resultant ion current
density. This suggests the existence of an optimum operating temperature at which
maximum ion current density can be extracted.
2.5.2 Scaling of contact ionization thrusters
Just as in the case of ion engines, the resultant current density extracted by the
electrodes is limited by the space charge and can be modeled by the Child-Langmuir
equation:
V3/2jo 2 (2.34)X0
where V is the extractor voltage and xO is the spacing between the ionizer and the
negative electrode. As the extractor voltage is first increased from zero, the current
density follows the Child-Langmuir law until it asymptotes to a value dependent upon
the ionizer temperature. Higher temperatures generally enhance cesium evaporation
rates and yield larger saturated current densities as illustrated in Fig. 2-7. Since any
accumulation of ions at the ionizer site would contaminate its surfaces and degrade
utilization efficiency, it is desirable to operate these devices at the onset of saturation,
i.e. at such voltages for which all or most of the ions produced by contact ionization
are extracted in the steady state. Since the power extracted by the jet is proportional
to the current density, it is desirable to keep the current density high so that the
radiative losses remain a small fraction of the total input power. As expected, the
major loss mechanism in contact ionization devices is thermal radiation from the
heated ionizer surfaces. The radiated power is governed by the Boltzman radiation
law which scales as:
PIOSS ~ o-eT 4 L 2  (2.35)
where T is the ionizer temperature and L is the characteristic thruster dimension.
The useful power extracted by the jet in the form of kinetic energy can be determined
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Figure 2-7: Current density vs. temperature for cesium-tungsten configuration
from the following relation:
Pi(et ~ jo(T)VnL 2  (2.36)
where jo (T) is the saturated current density and V, is the net accelerator voltage.
Suppose that operation at constant voltage is desired. From Eqns. 2.35 and 2.36 it is
clear that both the jet power and the radiative losses scale with L 2 . Thus, their ratio
and, therefore, the efficiency, will remain constant. However, since xO must remain
constant as well, in order to achieve the desired reduction in power the diameter of the
device L must be reduced. The resultant device will become proportionately longer
and thinner. Although the losses of ions to the wall in larger devices are generally
negligible in comparison to the radiative losses, they may become significant for this
disproportionately scaled configuration. The power lost to the wall scales as the
product of the ion flux and the surface area of the side wall. Since the voltage
remains constant, particle flux is proportional to the current density. Therefore:
Pwalu ~ jo(T)xoL (2.37)
Clearly, the power lost to the wall falls off slower than the jet power with decreasing
L, hence, it is possible that for sufficiently high aspect ratios xo/L wall losses will
dominate over the radiative losses and the efficiency will no longer remain constant.
An alternative scaling strategy is possible for which the aspect ratio is preserved,
i.e. xo - L, however, the voltage is allowed to vary at a constant value of jo. Intro-
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ducing a scaling parameter f to indicate the reduction of operating power, such that
f ~ jo(T)L2 V, the operating voltage V can be expressed in terms of the operating
power. Since jo(T) depends only on the ionizer properties and is independent of scale,
the extractor voltage V must scale as:
Vo ~ L 4/3 ,f2/5 (2.38)
The overall efficiency can now be evaluated as the ratio of the jet power to the total
input power:
Piet 1
Piet +Poss 1+ 2 (239)ioV
Just as in the case of ion engines, in order to preserve the shape of the ion beam and
maintain minimal beam divergence, the ratio of V, to V must remain constant. In
this case the efficiency would scale as:
_1 1
r/ = ~(2.40)1(+ "eT() 1+ K
30V %
where K scales as T 4 /joL 4/ 3 or, alternatively as T 4 /jof 2/s. As the size of the device
is reduced at constant jo and T, the ratio of radiated (lost) power to the beam power
is increased in proportion to 1/f 2/1, indicating a reduction of efficiency at small scale.
In order to evaluate the impact of these losses it is useful to examine some of the
existing devices and compare their efficiencies to those obtained for the proposed
smaller models operating at lower power. Ref. [7], for instance, supplies a detailed
set of experimentally measured data for a cesium-operated linear contact ionization
thruster. A thrust of 1.37 mN was obtained at an Ip of 6, 700 sec and the total
input power of 105 W yielding an efficiency of 45%. Using the above definition for
K this value of efficiency corresponds to K = 1.22 indicating that radiative losses
are of the same order as the useful power carried by the jet. Reduction of jet power
by a factor of 10 would yield size reduction by a factor of 2 (from f ~ joLi0 / 3 ) with
a disproportional increase of radiative energy losses corresponding to K = 3.07 and
the resulting efficiency of only 24%. Although the overall efficiency drops with the
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reduction of power, specific impulse which scales with the square root of the applied
voltage or, alternatively, as L2/3 or f 1/5 yields a favorable decrease from 6, 700 sec
to 4, 220 sec. Since many near-Earth missions of practical interest optimize at much
lower values of Ip, additional reduction of size and power would be desirable, however,
any further miniaturization would result in unacceptable energy losses.
One possibility for mitigating such a dramatic drop in the efficiency is to reduce
the operating temperature of the ionizer. Since radiative losses generally scale as
T 4 and, thus, are very sensitive to variations in T, it is conceivable that propellant
utilization and jo can be sacrificed to a limited extent for additional gain in the
overall efficiency. It is expected, however, that under such circumstances the quantity
T4 /jo, which was previously assumed to depend only on the ionizer characteristics and
remained invariant, could be reduced by a proper choice of operating temperatures
and/or alternative ionizer configurations. As jo is reduced from its optimum value,
however, possible gains in the overall efficiency may be offset by the degradation of
propellant utilization, eliminating any practical benefit of this approach.
It should be pointed out that although the efficiency of contact ionization thrusters
does suffer at small scale, a 10-Watt device operating at 24 % efficiency is quite
an attractive alternative in comparison to the existing PPTs, which can operate
at similar power levels, yet demonstrate efficiencies of only 7-10 %. There is one
drawback, however, which makes contact ionization thrusters inferior to many other
technologies. The use of highly reactive and corrosive propellants, such as cesium,
significantly complicates storage, handling, and operation of these thrusters on board
of a spacecraft. A more detailed discussion of the handling issues can be found in the
Summary section of this chapter.
2.6 Colloidal Thrusters
Colloidal thrusters are representatives of yet another technology of electrostatic accel-
erators which does not rely on ionization in the gas phase and, hence, their operating
life is not compromised at small scale. In addition to their intrinsically small di-
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mensions and extremely low operating power levels, eliminating the need for further
"'miniaturization", colloidal thrusters possess a number of desirable characteristics
which make them attractive for a number of potential missions. Colloidal thrusters
can be actively controlled to deliver precise impulse bits, they operate on non-corrosive
fluids, and they do not produce plasma plumes, significantly simplifying integration
of the propulsion subsystem with other critical spacecraft elements and components.
2.6.1 Principles of operation
Colloidal thrusters consist of a thin capillary tube which supplies a conducting fluid
to its tip from an upstream reservoir. The fluid is usually held at a large positive
potential with respect to an outside electrode creating a strong electric field at the
tip of the capillary (see Fig. 2-8). Sufficiently high voltage applied between the
two electrodes causes the fluid surface to become unstable and deform into a conical
meniscus. A thin jet carrying charge on its surface forms at the tip of the meniscus and
later breaks into small highly charged droplets. These droplets are electrostatically
accelerated to high speeds and are neutralized by an external cathode producing
thrust by reaction.
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2.6.2 Applicability to micro-propulsion
Although the multitude of physical phenomena governing the operation of colloidal
thrusters have been observed and studied since the beginning of the 20th century,
colloidal thrusters have been actively pursued only in the 60s and 70s and since
then have not received much attention up until recently. It was the inability to
produce droplets with high enough charge to mass ratio and the resulting need for high
voltages (- 10 - 100 kV) that diverted the attention of engineers away from colloidal
thrusters towards more accommodating alternative technologies. Recent modeling
and experimental efforts, however, revealed that the desired low-voltage operation can
be attained with a proper choice of fluid properties, capillary dimensions, and under
suitable operating conditions. Although a more detailed analysis of colloidal thrusters
can be found in the later chapters, for the purposes of identifying potential benefits
and limitations and for the purposes of comparison to other propulsion technologies
a brief overview of their performance will be presented here.
Charged droplets of mass m each carrying a positive charge q are produced by an
unstable jet and are electrostatically accelerated to an exhaust speed c which can be
determined from the conservation of energy:
2qVC = V(2.41)
m
where V is the applied voltage between the capillary and the ground electrode.
Clearly, in order to operate at sufficiently high values of I,, either high voltages
or high values of q/m are required. A series of experimental studies in the past [8],
[9], [10] have shown that for typical electrolyte solutions with electrical conductivities
not exceeding 0.1 Si/m, charge to mass ratios were limited to values on the order of
200 - 400 C/kg. It was later observed [11], [12], [13] that certain viscous solutions
with glycerol were capable of producing particles with extremely high values of the
charge to mass ratio. The inability to produce high values of q/m in most other fluids
required voltages on the order of 100 kV in order to achieve a competitive Is, of 1, 000
sec. More recent developments in the understanding of the mechanisms behind the
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formation of the charged jet [14], [15], [16] indicated that the jet diameter and, hence,
the droplet size were determined primarily by the flow rate and the electrical conduc-
tivity of the fluid. Specifically, it was verified, both experimentally and theoretically,
that higher values of q/m could be achieved by using high conductivity solutions op-
erated at sufficiently low flow rates. Recently conducted experiments using solutions
of various inorganic salts dissolved in formamide [17] have demonstrated that droplets
with q/m values of over 5, 000 C/kg could be produced. Even with such a significant
improvement, voltages on the order of 10 kV were required. Further experimentation
revealed that it was possible, under certain conditions, to reduce the jet diameter to a
point where ions with charge to mass ratios significantly larger than those of droplets
(- 240, 000 C/kg) could be extracted directly from the tip of the meniscus. In com-
bination with slowly moving droplets, such a mixed-regime operation would enable
one to "dial in" any desired value of I,, by a proper choice of the relative proportions
of ions to droplets. Although low-voltage operation can, indeed, be achieved for large
enough values of the mean charge to mass ratio, it should be noted that there still
exists a lower bound on the applied voltage required to initiate the emission of the
jet. This voltage is such as to electrostatically overcome the surface tension of the
meniscus formed at the tip of the capillary. This threshold voltage can be estimated
by equating the surface tension of an idealized spherical meniscus to the electrostatic
traction at the surface:
Vmin = R (2.42)
where R is the radius of the capillary, and y is the surface tension coefficient. It
can be seen from the above equation that the minimum startup voltage depends only
on the size of the capillary and can be made sufficiently small if so desired. Using
surface tension for formamide of 0.05 N/in and a 0.5 mm capillary the minimum
startup voltage comes out to be on the order of 2, 000 V. The relationship for the
minimum startup voltage in Eqn. 2.42 is only approximate as it ignores the effect of
external electrodes and assumes a simplified spherical profile for the fluid meniscus.
A quantitatively more precise analysis of this phenomenon is presented in Chapter 5.
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Although the mixed regime offers a great deal of flexibility, it does come at an
expense. As in any other propulsion device, an exhaust jet containing two distinct
species moving at different speeds is a suboptimal arrangement. More energy is spent
accelerating particles with higher q/m than the extra thrust derived from them. This
leads to the degradation of an otherwise very high efficiency. For the previously
quoted values of q/m, i.e. 6, 000 C/kg for droplets and 240, 000 C/kg for ions, the
maximum dip in the efficiency due to the polydispersity in the mixed-regime mode
is about 48 %. Considering their additional advantages, even in this worst-case effi-
ciency scenario, colloidal thrusters remain quite attractive in comparison with other
competing technologies. It should be noted that in the above configuration, such
colloidal emitters each operate at mW power levels and produce thrust on the order
of a fraction of a pN. It is, therefore, intrinsic in the nature of these devices that
the majority of missions would require multi-needle arrangements or clusters of up to
100 - 10, 000 individual emitters.
2.7 Field-Effect Electrostatic Propulsion (FEEPs)
Field-Effect Electrostatic Propulsion (FEEPs) is an offspring technology very similar
to that of colloidal thrusters. The main distinction between the two is that FEEPs
utilize as propellants easily ionizable liquid alkali metals instead of organic solvents.
Unlike colloidal thrusters, due to the emission of pure ions and the use of liquid
metals with high surface tension coefficients, FEEPs generally operate at extremely
high values of Ip
2.7.1 Principles of operation
FEEPs typically consist of a narrow slit in which liquid metal propellant (Cs, In, or
others) is supplied via capillary forces. The electrode configuration of the FEEP is
similar to that of a typical colloidal thruster. A large number of conical protrusions
form along the slit length due to the applied electric field. Because of the very high
conductivities of liquid metal propellants, the tip of each protrusion usually reaches
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Figure 2-9: FEEP schematic
atomic dimensions (~ 0.5 nm) and ions are extracted directly from the surface of
each tip by field emission. These ions are accelerated and then externally neutralized
just as in the case of colloidal thrusters (see Fig. 2-9).
2.7.2 Applicability to micro-propulsion
Due to the high values of surface tension coefficients for liquid metals, the minimum
startup voltages for FEEPs are generally a factor of three larger than those for col-
loidal thrusters with similar capillary dimensions. Voltages on the order of 10 - 15
kV have been reported by the ESTEC electric propulsion laboratory which has devel-
oped a liquid metal emitter with an I, of 6, 000 sec delivering a thrust of 0.3 mN/cm
[18]. Due to their large specific impulse, the amount of propellant required for typical
FEEP missions is small enough to be stored within the emitter structure eliminat-
ing the need for a separate feed system. Although high values of I, are generally
preferred due to the significant savings in the propellant usage, too high a specific
impulse may offset these savings because of the need for heavier power processing
equipment. Ref. [18] reports the power to thrust ratio obtained for the experimental
liquid metal emitter of 55, 000 W/N, over an order of magnitude larger than that for
the proposed mixed-mode colloidal thruster. The main disadvantage of FEEPs, how-
ever, is the use of highly reactive elements requiring complex storage and handling
procedures. Additionally, the use of liquid metals on board of a spacecraft presents a
number of integration challenges ranging from possible corrosion of critical spacecraft
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components to deposition of liquid metals onto sensitive optical elements.
2.8 Summary
This section contains a summary of the main advantages and disadvantages of the in-
dividual propulsion systems emphasizing miniaturization and scalability as presented
in the prior parts of this chapter. The summary is followed by a recommendation to
pursue a specific technology or technologies which demonstrate superior performance
and handling qualities at small scale.
2.8.1 Hall thrusters
The analysis of Hall thrusters has indicated that they are capable of efficiently oper-
ating at low power levels provided that sufficient electron confinement can be main-
tained by increasing the strength of the magnetic field. It has also been shown that
their operating life suffers at small scale due to the combined effects of the increase in
the plasma density and the reduction of component dimensions. Although a proper
choice of the materials and magnetic circuit configurations may offset the detrimental
effects of erosion, the operating life of any device in which ionization relies on collisions
can be seriously compromised with the reduction in size. Since the overall weight of
the power and propulsion subsystem will dominate over the weight of the individual
thrusters at small scale, it is conceivable that the loss of life could be partially offset
by the use of redundant thrusters. In such a redundant configuration, a need may
arise for short-term near-Earth missions in which low-power Hall thrusters would find
their use. Overall, however, a combination of high efficiency, optimal range of I,, and
their relative simplicity in comparison to the rival technologies (such as ion engines)
make Hall thrusters one of the top candidates for miniaturization.
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2.8.2 Ion engines
A mature technology which is very similar to Hall thrusters, ion engines can also
maintain high efficiency at small scale. Scaling of ion engines is mainly limited by
the inability to confine electrons within the ionization chamber. Currently existing
high power ion engines already utilize high-field permanent magnets with the strength
in excess of 0.5 - 1 T. Although the reduction in size would force the electrons to
reside disproportionately closer to the magnets, together with the proper placement
of the anode with respect to the magnetic field lines, these modifications may permit
additional decrease in size. Detailed numerical modeling, however, is necessary to
assess potential benefits of these changes. Since ion engines do not rely on the closed
drift of electrons, they are readily reconfigurable to a linear geometry. In this config-
uration, linear ion engines can be microfabricated using standard etching techniques,
significantly reducing manufacturing and assembly costs. The main disadvantages of
ion engines in comparison to Hall thrusters are the increased complexity of the power
delivery system and the need for a set of grids presence of which may exacerbate the
lifetime issue even further. In their standard configuration, ion engines require two
power supplies for the grids, two power supplies for the ionization chamber (one for
the cathode filament, one for chamber discharge) and another power supply for the
neutralizer. A combination of high specific impulse on the order of 3, 000 sec which
may be suboptimal for many near-Earth applications, additional development effort
necessary to reconfigure existing magnetic confinement schemes, and their additional
complexity, all make ion engines inferior to Hall thrusters.
2.8.3 Pulsed inductive thrusters
It was shown earlier in this chapter that pulsed inductive thrusters, although less
susceptible to erosion, suffer significant losses in efficiency due to the decrease in the
magnetic Reynolds number with scale. It was demonstrated that although shock
losses are almost entirely eliminated at small scale, Ohmic losses in the plasma ring
become proportionately more significant and are detrimental at power levels below
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about 10 kW. It is, therefore, recommended that pulsed inductive thrusters be elim-
inated from further consideration.
2.8.4 Contact ionization thrusters
The analyses of the two scaling alternatives for contact ionization thrusters both
indicated a degradation of efficiency at small scale. In the case of the operation at
constant voltage the resultant loss in efficiency was shown to be due to the increased
losses of ions to the wall, while scaling at constant aspect ratio yielded increased
energy losses due to the relative decrease of kinetic energy carried by each ion in
comparison to the energy needed to create one. The latter result was shown to be
due to the radiative losses per unit area which remained constant under scaling,
while the jet power per unit area was decreased at small scale. In spite of the reduced
efficiency, contact ionization thrusters still remain competitive at power levels on the
order of 5-10 W and offer performance superior to that of the conventional PPTs in
this power range. Contact ionization thrusters, however, operate at very high values
of Ip, are very susceptible to surface contamination, and require stringent handling
and operational precautions. Lastly, contact ionization thrusters utilize reactive liquid
metal propellants which can potentially contaminate critical spacecraft elements or
deposit onto sensitive optical instruments. Considering the numerous operational
disadvantages, contact ionization thrusters do not appear attractive at this time and,
therefore, will not be pursued any further.
2.8.5 Colloidal thrusters
Colloidal thrusters represent a unique technology which is already miniature by its
nature. It has been shown that these thrusters can operate over a wide range of I,,,
generally at very high efficiencies. Colloidal thrusters do not suffer from degradation of
life and can operate on non-reactive and non-corrosive propellants eliminating a num-
ber of operational issues, specifically the plume interactions with sensitive spacecraft
components. Although the physics of colloidal thrusters is not yet well understood,
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considering the performance advantages and flexibility that colloidal systems offers,
it is recommended that the physics of colloidal thrusters be studied further to enable
fabrication and testing of these devices in the future.
2.8.6 Field-Effect Electrostatic Propulsion
FEEP technology is very similar to that of colloidal thrusters, yet it falls short on
a number of important aspects. FEEPs normally require very high voltages and,
therefore, operate at extremely high values of I, optimal only for long-term and
propulsion-intensive missions. Just as in the case of contact ionization thrusters,
FEEPs utilize liquid metal propellants, thus posing similar concerns with regards to
spacecraft interaction. In addition, due to the insignificant propellant usage, most
of it is generally stored within the exposed emitter structure, requiring a complex
pre-launch procedure in which the thrusters are completely sealed and frozen for
the duration of the atmospheric flight. It is for these numerous disadvantages, that
FEEPs do not appear to be attractive and will no longer be pursued.
2.8.7 Recommendations
Based on the above observations, it can be concluded that of the several technolo-
gies that were examined, Hall thrusters and colloidal thrusters seem most promising
for micro-satellite applications. It is the objective of the remaining chapters of this
work to, first, elaborate on the development and testing of a miniature Hall thruster,
and, second, to present models of the different aspects of physics of a colloidal emit-
ter: a detailed semi-analytical fluid model of a cone-jet and a simplified numerical
electrostatics model predicting the formation of the jet.
46
Chapter 3
Design of a 50W Hall Thruster
3.1 Introduction
It was concluded, based on the scaling laws presented in Chapter 2 that a typical Hall
thruster can be scaled down in power level and efficiently operated in the Ip range
between 1, 400 - 1, 600 sec provided that the magnetic field strength can be increased
and the size of the device reduced, both in the same proportion. Although the final
design of the thruster evolved towards a somewhat different configuration, the initial
design parameters were estimated by scaling from a ceramic-based 1.35 kW SPT-
100 Hall thruster. This particular model has been experimentally optimized and has
undergone extensive performance and lifetime evaluations in the past and was selected
because of the readily available performance data. The scaling factor was chosen to be
roughly 27. This scaling ratio corresponds to the power level reduction from 1.35 kW
to about 50 W - power level suitable for many envisioned micro-satellite applications.
Such a reduction in scale also corresponds to the upper limit of the maximum strength
of the magnetic fields attainable with the strongest existing permanent magnets. The
proposed design, therefore, falls near the low end of the achievable reduction in power
while still obeying the scaling laws discussed in Chapter 2. The summary of the
micro-thruster specifications based on this scaling is presented in Table 3.1.
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Parameter SPT-100 mini-SPT
Power, W 1350 50
Thrust, mN 83 3
Specific Impulse, sec 1600 1600
Efficiency 50 50
Channel Diameter, mm 100.0 3.7
Flow Rate, Tg/sec 5.0 0.2
Magnetic Field, T 0.02 0.5
Table 3.1: Scaled Design Parameters
3.2 General Design Considerations
A Hall thruster in its standard configuration consists of a magnet, an insulated plasma
channel, an anode, a propellant feed system, and a hollow cathode. Often, the plasma
channel is thermally insulated from the surroundings by a layer of high-temperature
ceramic that protects the magnets and other components from excessive heating.
However, because of the larger heat fluxes involved, internal temperatures may ex-
ceed those imposed by the material limitations. By leaving a vacuum gap between
the insulator and the body of the thruster, heat fluxes from the channel can be sig-
nificantly reduced and limited to those mainly due to thermal radiation (refer to
Appendix B for details on vacuum insulation). The manufacturing of a tiny ceramic
channel that would have to withstand high temperatures and be resistant to thermal
shock, however, may prove to be extremely complicated. For this reason, it was de-
cided to abandon the idea of using an insulator at all. Hall thruster configurations
manufactured without an insulator do exist. They are commonly known as thrusters
with anode layer (TAL). In order to mimic the design of existing TALs, the anode
was extended further into the channel and used to conduct all of the heat generated
at its tip through the thruster body out to the surroundings.
In the TAL configuration, its bare metallic walls are usually kept at the cathode
potential thus repelling electrons trapped by the magnetic field near the exit of the
channel. Although the physics of the near-wall processes in the TAL is somewhat
different from that of the SPT, performance characteristics of the two thrusters were
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reported to be almost identical.
3.3 Magnetic Circuit Design
As it was shown in Chapter 2, the use of electric coils to achieve the required strength
of the magnetic field at small scale is impractical due to the excessive Ohmic heating
and the inability to dissipate heat by conduction. A different approach is to abandon
the idea of using electric coils in favor of permanent magnets. Although a number of
advantages make them ideal for this application, there is one drawback. Scaling of the
thruster components leads to a significant reduction in the overall radiative surface
area causing larger heat fluxes, and as a result, potentially, higher temperatures. The
maximum allowable temperatures, however, are limited due to the possible loss of
magnetization dictated by the Curie point of the specific magnetic alloys. It is neces-
sary, then, to provide for adequate heat escape paths, presence of which substantially
complicates both the design and the manufacturing process. Startup problems are
possible due to the existence of a strong magnetic field that may prevent the electrons
from entering the channel to initiate ionization during ignition. Lastly, an increase in
the required magnetic field strength poses a question of feasibility of using permanent
magnets of reasonable size for this application. The analysis of a magnetic circuit
utilizing permanent magnets is discussed next.
A single shell of permanently magnetized material can be used to achieve the
required magnetic field, which was estimated to range anywhere between 0.3 - 0.5
Tesla within the gap (see Table 3.1). A simplified analysis was done for preliminary
assessment and comparison of the possible circuit geometries and materials to be used
for construction. Assuming a uniform cross-section with infinite core permeability,
Ampere's law around the loop yields:
Hmd + = 0 (3.1)
w0
where Hm. < 0 is the magnetic field and B., is the magnetic induction within the
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magnet. A linear approximation to the magnetization curve for a given magnetic
material can be written in the form:
BoBm= Hm+Bo (3.2)
Ho
where Ho > 0 and B0 are the coercive force and the magnetic remanence respectively.
Eliminating Hm between the two equations yield an estimate of the resultant magnetic
field within the gap.
Bm 1
Bo = (g)( (3.3)Bod 1 + Ho)
The gap width is limited by the channel opening while the ratio g/d is a fixed pa-
rameter independent of scale. Thus, in order to achieve the required magnetic field
strength, the material of choice would have to possess the following characteristics:
* B 0 ~ 0.7 - 1.0 Tesla
* Small Bo/H 0 , -+ high coercivity (Ho)
In addition, the material is required to withstand elevated temperatures without sig-
nificant loss of magnetization. Only three magnetic alloys were identified to meet the
above specifications out of a wide variety of currently available magnetic materials.
Both NdFeB and Alnico magnetic alloys possess excellent magnetic properties. How-
ever, NdFeB has low Curie temperature (- 3500C) and most Alnico alloys have low
coercivity. SmCo alloys, on the other hand, with their high coercivity (9, 000 Oerst-
eds) and high maximum operating temperature of 2750C (Curie point of 750'C) were
found to be optimal for this application.
Attention was paid in the design to the magnetic field profile within the gap. The
goal was to prevent any electrons emitted by the cathode from entering the channel
and diffusing towards the anode. This imposed a constraint on the field profile so
that the adjacent field lines be everywhere tangent to the anode frontal surface. This
configuration would also prevent the ion beam from deflecting either away or towards
the center of the channel. Such a deflection may be a result of non-uniformities in the
electric field caused by the presence of electrons trapped in the magnetic field. Two-
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Figure 3-1: Magnetic circuit geometry (all dimensions in mm)
Figure 3-2: Magnetic flux profile (courtesy of Dexter Magnetics)
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Figure 3-3: Magnetic circuit assembly
dimensional numerical magnetic computations were run for several configurations of
the proposed geometry one of which is schematically shown in Fig. 3-1 (simulation
courtesy of Dexter Magnetic Materials Division). Two SmCo permanent magnets
were used in the design of the magnetic circuit. One of the magnets is shaped in
the form of an axially polarized cylindrical shell which is the main "driving magnet".
The second one, consisting of eight arc segments, is polarized radially in the direction
perpendicular to the polarization of the main magnet. It is used to force the flux
into the gap and to shape the field lines so as to meet the profile specifications.
Propellant and power feed lines were inserted into the channel via four circular holes
in the back side of the iron core. The iron return path was designed to extend all the
way around the main magnet to reduce the flux leakage out of the circuit and to help
directing the flux into the segmented magnet (see Fig. 3-2) The attained values of the
magnetic field strength in the gap for the final geometry were numerically estimated
to range between 0.4 - 0.6 Tesla at the maximum operating temperature of 250"C,
thus meeting our specifications. The top view of a completed magnetic assembly is
shown in Fig. 3-3 (after 5-6 hours of operation).
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3.4 Thermal Design/Material Selection
The two mechanisms for evacuating heat from solid components (anode, magnets,
etc) are radiation and conduction. The resulting equilibrium temperatures depend
on which of the two mechanisms predominates. The heat deposition rate per unit
area scales as power/area ~ 1/L. The radiative cooling rate per unit area is given
by c(T)o-T4 , and is independent of scale if T is successfully maintained. Thus, if
radiation dominates, the wall temperature would increase roughly as 1/1LI (a sig-
nificant problem for small L). The conductive cooling rate per unit area is kAT/l,
where I is some thickness, hence, this cooling rate scales as 1/L, the same way as the
deposition rate. Therefore, if heat conduction is dominant, wall temperatures can
be kept invariant upon scaling and high temperatures within the channel and at the
anode can be avoided by designing adequate heat conduction paths from the channel
out to the surroundings. Since the anode is kept at a positive potential with respect
to ground, it is virtually impossible to maintain direct contact of the anode with an
external heat sink. Instead, the anode along with its electrical leads can be designed
as a dual-purpose device. The propellant feed lines that normally supply gas to the
anode can be used to conduct heat generated inside the channel towards the back
of the thruster. Using for the back support structure a material which is a good
electrical insulator as well as a good thermal conductor, the heat can be transferred
to the surrounding metal, maintained near ambient temperature. From the materials
standpoint, a heat-conducting ceramic such as BN or AIN would be most appropri-
ate. Although AIN has a higher thermal conductivity, it is harder to machine, hence
BN was selected.
Another important aspect from the materials standpoint is the design of the anode.
A simple one-dimensional thermal model has shown that the anode tip temperatures
would not exceed 1, 300 C0 . The analysis was carried out under the assumption
that all of the heat generated at the anode is allowed to be either radiated to the
magnets or conducted through the gas-feed lines towards the back of the thruster
where it is rejected to the surroundings. Since the heat generated inside the channel
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arises mainly due to the thruster inefficiency, roughly 25 W of the total power would
be deposited as heat to the walls. Localized heating due to the impinging ions was
neglected in this simple model. The details of the model and the results are presented
in Appendix B.
The analysis has shown that conduction through the feed lines is the dominant
mechanism of heat rejection. In addition, because of the large contact area in the
back of the thruster, the temperature of the magnet surrounding the anode remains
close to ambient. Therefore, the material of choice for both the anode and the feed
lines would need to have the following characteristics:
e High thermal conductivity to ensure adequate heat rejection rate by conduction
o High surface emissivity to enhance heat rejection by radiation
o Adequate melting point (Tm > 1700 C"), compatible with the limiting values
predicted by the model
o Easily machinable
Although refractory materials such as W, Ta, or Mo seem to best fit this category,
the intricate shapes of such small dimensions are extremely hard to machine out of
pure metals. Alloys of these refractories with copper, nickel, or iron, although more
ductile, have melting temperatures that are below the acceptable limits and, therefore,
would not be appropriate for this application. A platinum anode was used in the first
model of the thruster, however, excessive arcing and exposure to high temperatures
have damaged the anode tip over the course of the first few hours of operation. The
second generation anodes were made out of molybdenum, as it is an excellent heat
conductor with the melting point of 2700"C, hence providing more than a sufficient
margin for the envisioned application. The final design schematic and a photograph
of the manufactured anode are shown in Figs. 3-5 and 3-4 respectively.
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Figure 3-4: Anode schematic [all dimensions in inches (mm)]
Figure 3-5: Anode
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3.5 Cathode Design
Due to the lack of a suitable low-power cathode, several options were considered and
experimentally evaluated. Although the new generation of field-effect (cold) cathodes
seems to be promising for this application, no state-of-the-art technology exists for
their use at this time. Hollow cathodes, conventionally employed in the SPTs, do
not easily conform to the photographic scaling, yet they do have some potential for
being miniaturized for this application. Thoriated tungsten filaments coated with
barium oxide were used in the preliminary tests because of their ease in handling and
operation. The main disadvantage of such filaments is that they consume a great deal
of power (50 W/cm2) because of the need for high temperature to initiate thermionic
emission. In addition, emission of coated filaments deteriorates quickly over time
as the brittle coating cracks and falls off due to thermal expansion of the filament.
Materials with lower electron work-function, such as LaB6 , would be more suitable for
this application, however, they require special handling during operation and many
deteriorate when exposed to the atmosphere. A hollow cathode was utilized in the
most recent experiments. Refer to Sec. 4.1.3 for details. The optimal choice of a
cathode for this thruster is a subject for further studies.
3.6 Final Design
The final version of the miniaturized Hall thruster is schematically shown in Fig. 3-6.
The anode is designed as a hollow concentric channel with a flow buffer to achieve
uniform azimuthal jet distribution. The four capillaries attached to the anode deliver
the propellant from a gas distributor region located in the back of the assembly to
the plasma channel. The frontal cap (made out of stainless steel) is a structural
component that presses the magnets together with the protective molybdenum ring
into the iron assembly and holds them in place during operation. Ceramic inserts
are used to support the anode and improve its alignment with respect to the iron
core. The anode assembly including the four ceramic inserts, the flow distributor,
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Mounting plate (Al)
Ceramic Insulator (BN)
Steel cover
Ceramic supports
Figure 3-6: Final design schematic
and the insulators are shown in Fig. 3-7. A complete thruster assembly (excluding
the propellant feed tube and the anode) is shown in Fig. 3-8.
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Feed tubes (Mo)
Figure 3-7: Anode assembly
Figure 3-8: Final assembly
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Chapter 4
Experimental Testing of a 50-Watt
Hall Thruster
4.1 Preliminary testing attempts
Preliminary operational tests using Argon were first performed at MIT in a small
bell-jar vacuum facility (- 0.2 cu. meters) equipped with single mechanical and a
diffusion pumps. Several cathodes were tested to achieve stable thruster operation
at the designed nominal flow rate. A number of thin tungsten filaments extracted
from regular incandescent light bulbs were used first. However, occasional arcs to the
filaments destroyed them within seconds of operation. These thin pre-made cathodes
were later replaced by a thicker 0.25 mm thoriated tungsten wire wrapped into a coil
and supplied with heating current on the order of 10 Amps. Not only did these fila-
ments consume and radiate a great deal of power (100-150 Watts), they also failed to
provide sufficient electron emission to maintain stable thruster operation and created
excessive arcing to the thrust stand resulting in periodic pulsations of the thruster
discharge. These filaments also became extremely brittle after their first use and had
to be often replaced. After a number of unsuccessful trials, a 0.25 mm molybde-
num wire coated with barium oxide was shown to provide sufficient emission for the
thruster to operate for extended periods of time. Although these cathodes eliminated
arcing to the thrust stand and facilitated stable thruster operation, thermal cycling
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Figure 4-1: Operational testing
of the filament damaged the brittle coating over time and the filaments had to be re-
placed or re-coated after each test run. The micro-Hall thruster is shown in operation
in Fig. 4-1 (note the heated filament in the foreground). No thrust measurements
were obtained at the time due to the lack of a sensitive micro-balance. Subsequent
experiments with Argon were performed at the Electric Propulsion Laboratory of
the Edwards Air Force Base, CA. A heated filament made out of molybdenum and
coated with barium oxide was used as a cathode. The thrust was measured using
a horizontal arm balance at two different flow rates as a function of the operating
voltage ranging between 200 and 300 V. A digital flow controller (Omega Inc.) was
used to supply the necessary flow rate. However, because of the operation at the
bottom of its nominal scale, flow rate measurements taken during the tests were not
repeatable and the performance figures could not be reliably determined. In addition,
although the thrust signal usually stabilized within the first few seconds of operation,
the anode current never reached a steady value and, in most cases, kept increasing
in time. To avoid overheating the thruster by passing excessive currents through the
anode, test runs were limited in duration to under two minutes each.
A sensitive micro-balance (based on the inverted pendulum design [19]) was as-
sembled and installed into the AstroVac facility at the Gas Turbine Laboratory, MIT.
Extensive tests of the balance have shown that the thrust signal obtained by sampling
the output of a linear variable differential transformer was corrupted by noise due to
the coupling with the surrounding plasma. The spurious output of the position sen-
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sor with the thruster operating at nominal conditions on a fixed platform exceeded
that of the expected thrust levels. Numerous attempts were made to shield the sig-
nal cables and remove any existing ground loops in the detector circuitry. Although
the noise levels in the output signal were generally reduced by proper grounding,
changes in operating conditions, thruster location, and cable orientations had an un-
predictable effect on the signal and, as a result, no reliable thrust measurements could
be obtained.
Follow-up tests were performed at the Busek Co., MA using a thrust stand iden-
tical to the one assembled at MIT [19]. A hollow cathode manufactured by Busek
Co. was used in the experiments. The lack of interference with the plasma has not
been experimentally verified. However, during operation the thrust signal and the
current both drifted significantly over time. Such behavior was inconsistent with the
earlier observations made at the Edwards AF Base in which the thrust signal usually
stabilized within the first few seconds of operation. Due to the lack of available run
time at the facility, the issue of the drift in the thrust signal has never been com-
pletely resolved and could be attributed to either the thrust stand (thermal drift) or
the thruster itself. Occasional shorting of the anode to the thruster body was also
observed, often resulting in the need to vent the chamber, clear the spacing between
the anode and the magnets of any trapped magnetic particles, and adjust the relative
positions of the anode with respect to the center pole piece.
Further tests were attempted again at the Edwards Air Force Base, CA on a mod-
ified version of the thruster. The modifications included electro-plating the magnets
with nickel to prevent crumbling and the inclusion of the new ceramic standoffs for the
anode to facilitate better alignment with respect to the center post. In addition, the
anode previously made out of platinum was this time machined out of molybdenum
which has higher thermal conductivity and higher melting point than platinum. Al-
though the new measures to improve alignment and eliminate crumbling significantly
reduced internal arcing during operation, manufacturing and assembly imperfections
of the magnetic components resulted in the failure of the magnets to hold in place.
As a result of the reduction in the magnetic field strength and the increase in the
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electron leakage, the observed anode currents were three to four times the nominal
design value even at the relatively low voltages on the order of 100-150 V. The test
runs were limited to under a minute each due to the excessive heating of the thruster
assembly and were soon terminated after the realization that the segmented magnets
were no longer held together.
After a number of unsuccessful attempts to test the micro Hall thruster conclusive
results were finally obtained at a vacuum tank facility of the Plasma Propulsion Lab-
oratory at Princeton University. Brief descriptions of the facility and the diagnostics
equipment are provided below.
4.2 Testing Facility
4.2.1 Vacuum Tank
The vacuum tank was equipped with two mechanical roughing pumps and a single
diffusion pump. In addition, a copper baffle cooled with liquid nitrogen was operated
throughout the duration of the tests. At the nominal Xenon flow rate of 2 sccm and
the cathode flow rate of 1.4 sccm the steady state chamber pressure did not exceed
5 x 10' torr. Although such background pressures may be considered marginal for
testing larger devices, favorable scaling of particle densities at small size make these
pressures more than adequate for micro-thruster testing. The chamber was equipped
with a number of gas and electrical ports, thus allowing all of the monitoring and
control circuitry for the thrust balance, power supplies, and the flow controller to be
positioned outside of the vacuum tank. Main power to the thruster was provided by
a 300 Volt - 5 Amp DC power amplifier. Two additional supplies were used to power
the cathode - one to heat the filament and one to maintain the keeper current. A
schematic diagram of the vacuum facility is shown in Fig. 4-2.
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Figure 4-2: Vacuum facility schematic
4.2.2 Thrust Balance, Calibration, & Data Acquisition
The micro-balance used in the experiments was a horizontal arm design with the
thruster mounted at its tip. The propellant supply line and a flexible power cable
were both attached to the two fixed cable clamps, one mounted to the arm and another
mounted onto a fixed platform to avoid variations in stiffness and dry friction. To
avoid imposing additional stiffness and thus reducing the resolution of the thrust
measurements, the cathode, its power cables, and the gas feed lines were mounted to
the fixed platform in close proximity to the thruster. As the balance arm failed to
provide sufficient heat capacity to accommodate the heat dissipated by the thruster,
a cooling jacket was mounted to the thruster walls as shown in Fig. 4-3. Cooling
lines were attached to the arm by the cable clamps and diverted to the exterior
water supply. An LVDT (Linear Variable Differential Transformer) sensor was used
to detect movements of the arm away from its equilibrium position. The signal was
fed into a derivative amplifier which in turn activated the damper coil. Two motors
were used to control longitudinal and lateral positions of the platform. Prior to the
operation of the balance the motors were adjusted so as to bring the arm to its
equilibrium position. The LVDT signal was sampled by a digital oscilloscope and
stored into a data file for further analysis.
The thrust balance was calibrated in air by determining the effective spring con-
stant of the assembly. This was done by applying a known impulse to the tip of
the arm at the point of thrust application and measuring the resultant initial linear
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Figure 4-3: Cooling jacket
velocity of the arm at that location. The impulse was determined by integrating the
signal from the calibrated force transducer and the effective mass of the arm was
computed knowing the impulse and the linear velocity. The effective mass of the
arm was estimated to be 0.001365 kg - m/V. The spring constant was obtained by
measuring the undamped natural frequency of the arm undergoing free oscillations
which was estimated from the samples of the LVDT traces to be 1.24 rad/sec. The
numerical value of the resultant spring constant was 2.109 mN/V.
4.2.3 Cathode
A hollow cathode manufactured by Busek Co. was used in the experiments. The
cathode was supplied with Xenon at the flow rate of 1.4 sccm. Since the cathode
was originally designed to operate with larger thrusters in a self-heating mode, the
smaller currents drawn by this thruster were not sufficient to maintain stable cathode
operation. For this reason, once in a standby mode, the heater current was reduced
from the nominal 6.5 A to 3 A while the keeper current was maintained at 0.5 A.
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4.2.4 Flow system
Xenon was supplied into the vacuum tank by means of a digital MKS flow controller
calibrated for flow rates between 1 and 10 sccm (0.098 to 0.98 mg/s). The upstream
pressure in the Xe tank was kept at 50 psi. The flow rate was calibrated before and
after the test runs for each of the flow rate settings by passing Xenon bubbles through
a beaker immersed upside down into a container with water, thus maintaining nearly
atmospheric pressure. The cathode flow was supplied from the same Xenon tank via
a needle valve calibrated to deliver 1.4 sccm (see Fig. 4-2).
4.3 Test results
A series of vacuum tank tests was performed to assess the overall performance of the
micro-Hall thruster. The thrust balance arm was calibrated prior to evacuating the
tank while the cooling water was allowed to flow in the lines. Additional calibration
was performed at the end of each testing procedure once the tank was vented to
the atmosphere. The calibration constant remained unchanged under vacuum as
indicated by the arm's natural frequency measured before and after the tank was
evacuated. Prior to each test sequence the main flow was turned on and the cathode
was set into standby mode until all thermal and mechanical transients in the thrust
signal could no longer be observed. Both the anode voltage and the discharge current
were monitored at all times, while the thrust signal was visually observed on the
oscilloscope screen and logged by the data acquisition system upon completion of
each test sequence.
Preliminary test trials have shown a significant thermal drift in the arm's reference
position throughout the duration of the firings. After the cooling jacket was mounted
to the thruster, however, thermal drifts were almost entirely eliminated. As part of
the preliminary validation process for the balance, the arm was allowed to rest at one
of its stops while the LVDT signal was monitored with the thruster operating at its
nominal conditions. This was done to ensure that the LVDT or any other auxiliary
cables which run to the balance and are in close proximity to the plasma do not pick
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Figure 4-4: 50W Hall thruster performance
up any spurious signals interfering with the thrust measurement. No deviations in
the signal were observed.
The test runs were performed at three different voltages: 200, 250, and 300 Volts
and three different flow rates: 0.100, 0.168, and 0.215 mg/s. For each test run suf-
ficient time was alloted for the thrust signal and the discharge current to stabilize.
Each run lasted approximately 7 to 8 minutes and included one minute before and
after each firing to obtain a stable signal reference. The thruster was run twice at each
operating condition to ensure that the measurements were repeatable and were not
affected by any thermal drifts in the thruster or the balance arm assembly. Thruster
efficiencies and specific impulse values were computed from the measured current,
voltage, flow rate, and thrust using the following relations:
r T = (4.1)
IS, = T(4.2)
M rg
where T is the thrust, rh is the flow rate, and g is the acceleration due to gravity.
Results of these test runs are conveniently summarized in Fig. 4-4 showing the
efficiency as a function of the specific impulse at different flow rates. The measured
thrust as a function of the applied voltage is shown in Fig. 4-5. Additional test data
can be found in Table 4-6.
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Figure 4-5: 50W Hall thruster performance
4.4 Analysis
Analysis of the data shows that, at the near nominal flow rate of 0.215 mg/s, the
measured thrust levels were about a factor of two lower than expected, while the
discharge current was twice its nominal design value. The resulting efficiencies were,
therefore, unexpectedly low at only one eighth of the nominal 50 %. Assuming that
most of the voltage drop develops downstream of the ionization zone, the total effi-
ciency can be broken down into the product of the utilization and the acceleration
efficiencies:
17 - 77u 7a (4.3)
where 77u is given by:
Ibmi Iami
me me
(4.4)
and a = I/Ia. Since the overall efficiency 7 can be obtained from the experimentally
measured quantities only, both T7a and i7 could be determined from:
me
n7 = ram 1
mlI
= 7a
(4.5)
(4.6)
The resulting utilization efficiencies ranged anywhere between 22 and 40%, values
which are unusually low for these types of thrusters. Additionally, measured values of
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Flow Voltage Current Thrust sp Eff iciency Iba Util. eff ic
(kg/s) (V) (Amp) (N) (sec) (%) (%) _
1.005e-07 250 0.120 5.029e-04 5106 4.19% 16.04% 26.14%
1.005e-07 300 0.134 5.778e-04, 586.7 4.13% 15.07% 27.42%
1.005e-07 250 0.120 5.243e-04 532.3 4.56% 16.73% 27.25%
1.005e-07 300 0.139 6.313e-04! 641.0 4.75% 15.87% 29.96%
1.005e-07 200 0.099 3.959e-04 402.0 3.94% 17.12% 23.01%
1.005e-07 200 0.099 3.895e-04 395.5 3.81% 16.84% 22.64%
1.676e-07 200 0.212 8.453e-041 514.6 5.03% 17.07% 29.46%
1.676e-07 200 0.212 8.453e-041 514.6 5.03% 17.07% 29.46%
1.676e-07 250 0.250 1.049e-031 638.4 5.25% 16.06% 32.69%
1.676e-07 250 0.249 1.027e-031 625.4 5.06% 15.79% 32.02%
1.676e-07 300 0.273 1.177e-03 716.6 5.05% 15.07% 33.49%
1.676e-07 300 0.271 1.177e-03 716.6 5.08% 15.18% 33.49%
2.146e-07 200 0.346 1.348e-03 641.1 6.12% 16.68% 36.69%
2.146e-07 200 0.342 1.327e-03 630.9 6.00% 16.61% 36.11%
2.1469-07 250 0.393 1.626e-03 773.3 6.27% 15.84% 39.59%
2.146e-07 250 0.383 1.584e-03 753.0 6.10% 15.83% 38.55%
2.146e-07 300 0.420 1.819e-03 864.9 6.12% 15.14% 40.42%
2.146e-07 300 0.410 1.776e-03 844.6 5.98% 15.14% 39.47%
Figure 4-6: Test data
I,, even at high voltages (300 V), have not exceeded 850 sec. All of these observations
point to one likely cause: low degree of ionization in the plasma results in poor
utilization of neutrals, hence, low thrust for a given flow rate. Poor ionization can be a
result of partial degradation or loss of the magnetic confinement of the electrons. The
unusually high values of the ratio of the anode current to the mass flow rate at high
voltages, on the order of 2.6-2.7 (as opposed to values ~ 1.3 for larger units), indicate
excessive leakage of electrons, and support the above hypothesis. In the search for
possible clues, two mechanisms consistent with the observations were identified as
most likely to explain the loss of magnetic confinement.
1) Degradation and non-reversible loss of the magnetic field due to the excessive
heating and damage to permanent magnets may be a possible cause for electron leak-
age. Although this mechanism is plausible, thermocouple measurements throughout
the tests have indicated that the temperature of the thruster assembly has never ex-
ceeded 42"C. Since the path between permanent magnets and the thruster mount
has relatively low thermal impedance, it is unlikely that the magnets ever reached
their maximum allowable temperature of 2750C. Subsequent measurements of the
magnetic field strength using a miniature Gauss probe indicated that the mean field
strength in the vicinity of the pole averaged at about 0.17 Tesla with a maximum of
0.25 Tesla. Since the diameter of the axial probe used in the measurements was com-
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parable to that of the central pole piece and since the field strength falls off rapidly
away from the pole tip, it is very likely that the measured values of the average field
strength over the volume of the probe are a factor of 2 to 3 lower than the expected
value within the gap. Since the nominal field strength should be on the order of
0.4-0.5 Tesla, it can be concluded with a certain degree of confidence that the per-
manent magnets have experienced at worst minimal damage during the course of the
experiments.
2) The center pole piece is not properly cooled due to its small cross sectional
area and, as a result, may have locally reached temperatures at which magnetic
permeability of iron sharply drops to zero. Such a dramatic reduction of permeability
would have caused increased fringing of the magnetic field inside the thruster channel,
possibly resulting in the loss of the field strength at the channel exit forcing some of the
field lines to cross the anode. If that were the case, electrons emitted by the cathode
would follow the field lines and easily leak into the anode without fully ionizing the
propellant. To validate this hypothesis further, one can estimate the temperature
gradient across the magnetic pole subjected to external heating by the plasma and
the anode. Although the anode temperatures were never measured directly, prior
designs using platinum as the anode material showed slight signs of melting at the
tip. Assuming the tip of the anode gets at least as hot as the melting point of platinum
(~ 2, 000 0 K) and radiates heat from a section at the tip (- 3 mm deep), the amount
of heat deposited into the iron pole just from the anode is on the order of 6 Watts.
Accurately accounting for the additional heat due to the impinging ions and electrons
is more difficult. However, it is safe to assume that, including the heat radiated from
the anode, a total of 10 Watts are deposited into the iron pole. In steady state, this
amounts to a tip temperature differential of 950'K with respect to the iron base.
Since the Curie temperature for iron is about 1061'K and the base temperature is
no lower than 350'K, it is very likely that the magnetic flux does not penetrate all
the way to the tip of the iron pole thus modifying the field profile and reducing its
strength within the gap. As a result, magnetic field lines can intersect the anode and
enhance collection of electron current without allowing sufficient residence time for
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the electrons to fully ionize the gas.
4.5 Alternative scaling scenarios
In view of the numerous difficulties associated with the manufacturing and operation
of a small-scale device designed to satisfy the strict scaling relations outlined in Chap-
ter 2, alternative scaling models have been considered in the hope of alleviating some
of these difficulties while preserving the superior performance characteristics achieved
for the larger devices. One such scaling model is based on photographic scaling, i.e.
reduction in size of the device while maintaining constant plasma density and the
operating voltage. It is easily shown that in this case the quantities of interest scale
as follows:
P=IV~nL2 ~ L 2  (4.7)
T nL2 ~ L2  (4.8)
rh ~ L 2 (4.9)
IS, ~l 1 (4.10)
Maintaining constant plasma density, however, implies that the mean free path be-
comes proportionately larger in comparison to the scale of the device:
A 1 - (4.11)
L L
Therefore, the electrons will not have sufficient residence time to adequately ionize the
propellant. Aside from this difficulty, the main advantage of this scaling model is that
a given reduction of operating power results in the decrease of size L in proportion
to v P as opposed to L - P as in the case of strict scaling. Thus, reduction of the
operating power from 1.35 kW to 50 W amounts to a decrease in size by only a factor of
5. As a consequence, the strength of the required magnetic field for this configuration
will only increase by a factor of 5, possibly within the thermal operational range of
standard electric coils. Most importantly, however, this scaling model predicts that
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the expected lifetime scales as:
tlife L - L (4.12)
n
Therefore, a 50 W Hall thruster would suffer only a five-fold reduction in the operating
life in comparison to a device built to satisfy strict scaling, in which case the operating
life dropped by almost a factor of 1,000 ! The drawback, however, is that because of
the relative increase of the mean free path in comparison to the size of the device,
the ionization fraction will be lower causing a reduction in the utilization efficiency.
Operation in this regime is equivalent to a reduction of the flow rate for a given
geometry. Such operation has been experimentally attempted in the past for a variety
of conventional thrusters and, in most cases, has caused significant degradation of the
overall thruster efficiency.
It becomes apparent that, depending on which of the two scaling methods are
utilized in the design, the resultant device suffers either from a significant loss of the
overall efficiency or a loss of the total operating life. One would then expect, that an
alternative scaling in which the plasma density is not constant yet does not increase
as strongly as n ~ 1/L with the reduction in size would yield a reasonably efficient
thruster with the maximum possible operating life for a given scaling in power and
allowable drop in the efficiency.
Consider an arbitrary scaling scenario in which both the power and the length
scale reduction are independent. Then, the power and the flow rate both scale in
proportion to the product of the plasma density and the characteristic area of the
device:
P ~ nL2  (4.13)
rh ~ nL 2  (4.14)
The ratio of the mean free path to the length scale, h = A/L, is no longer fixed as
an invariant quantity but, instead, is allowed arbitrary variations with the plasma
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density and the length scale:
h n 1 1h=( " ) ~
ceQ nL niL
(4.15)
Suppose a nominal device with the operating/geometrical characteristics given by no,
Fo, Lo, ho, nho, and r7o is to be scaled down in power. Introducing non-dimensional
parameters scaled to the nominal:
relations in Eqns. 4.13-4.15 can be
5 =n
no
P
P0
~L
Lo
h
ho
rh0
no
written as:
~1
6 L
Substituting Eqn. 4.24 into Eqn. 4.23 yields an
function of the characteristic parameter h:
(4.24)
expression for the power scaling as a
L
h
(4.25)
The disproportional increase of the mean free path in comparison to the size of the
device is what is thought to produce the drop in the utilization efficiency. Therefore,
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Figure 4-7: Dependence of the efficiency on the mean free path parameter h
obtaining a relationship between h and i would allow one to predict the degradation
in performance under arbitrary scaling conditions.
It was already noted that an increase in the quantity h can be due to either a
disproportionately small reduction in size for a given decrease in the flow rate or,
alternatively, to a corresponding decrease in the flow rate for a device with a fixed
geometry. Several existing thruster models for which the efficiency data are readily
available have been operated at off-design conditions, specifically at reduced flow
rates. The empirical dependence of i versus h for several commercial thrusters in
the SPT series: SPT-100 [20], SPT-140 [21], a TAL model D-55 [22], and a 50 mm
laboratory version by Komurasaki [23] was extracted from the data and is graphically
summarized in Fig. 4-7. The experimental quantities plotted in Fig. 4-7 were scaled
to the operating conditions corresponding to the maximum obtained efficiency for a
given thruster. Fig. 4-7 clearly indicates a drop in the overall efficiency as the mean
free path becomes disproportionately larger in comparison to the size of the device.
Moreover, as the data suggest, the dependence of h on q- can be simply modeled as
an inverse power law which, surprisingly, is very weakly dependent on the dimension
of the device and can be extrapolated to predict the efficiency of smaller thrusters
with an equivalent deviation in h. Extracting the empirical dependence of h on i for
the SPT series as approximately given by:
(4.26)
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Figure 4-8: General scaling strategies
the contours of constant efficiency can be determined by substituting Eqn. 4.26 into
Eqn. 4.25:
3 = (4.27)L
The contours of constant efficiency are plotted as dashed lines in the P-L scale space
as shown in the accompanying Fig. 4-8. Note that the strict scaling for which the
efficiency remains constant and for which P - L is easily recovered as the curve i = 1.
The lines of constant operating life referenced to the nominal can be determined as
the ratio of the length scale to the plasma density:
(4.28)
n P
These lines can be overlayed on top and are shown as dotted lines in Fig. 4-8.
Photographic scaling can also be shown as the line of constant plasma density (solid
line):
P = -- (4.29)
The scaling alternatives conveniently summarized in Fig. 4-8 can be easily inter-
preted. Following strict scaling (solid line i = 1) from the upper right corner, the
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Figure 4-9: Scaling scenarios
reduction of power from 1,350 W to the desired 50 W level (P = 0.037) corresponds
to a reduction in size by a factor of 27 or L = 0.037. The location of this operating
point is marked on the diagram. Although the efficiency has remained constant, the
lifetime is reduced by almost a factor of 700 from the nominal. Alternatively, follow-
ing the photographic scaling strategy (solid line) to the power level corresponding to
P = 0.037, the reduction in size corresponds to only L = 0.2. At that location, the
lifetime is reduced by only a factor of 5, however, the efficiency is down by a factor of
0.6 from the nominal. The plot also indicates that the two scaling strategies presented
earlier are not special and are just examples of limiting behavior (; = 1 or 5 = 1),
so that for a given reduction in power (line P = 0.037) there is an unlimited number
of scaling alternatives for which the drop in efficiency can be traded with the loss
in operating life. For a specified minimum operating life and a minimum tolerable
efficiency, there is a maximum reduction of power for which these specifications can
be met with a single scaling strategy (Fig. 4-9a). If the desired power level reduction
is less than the maximum, there exists an unlimited number of alternatives (Fig. 4-
9b). However, if the reduction of power exceeds the maximum allowable, no scaling
solutions are available to meet the specifications (Fig. 4-9c). The use of alternative
scaling strategies presents a viable solution for overcoming or offsetting the intrinsic
lifetime limitations that most plasma devices experience at small scale by partially
sacrificing their operating efficiencies. Studies of the applicability of these devices to
missions of future interest, comparison to other competing technologies, and possi-
ble implementation of these alternative scaling strategies are important avenues for
further exploration.
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4.6 Conclusions and recommendations
Despite the disappointingly low performance, the effort to miniaturize a Hall thruster
has provided a number of useful insights for any such attempts in the future. Most
importantly, this work has highlighted the generic difficulty, common to all plasma
thrusters, associated with the increase of the plasma density as the scale of the device
is reduced. The consequences of such scaling, most notably the higher particle fluxes
which cause an increase in the erosion rates and significant loss of operating life at
small scale, create a strong incentive to search for propulsion schemes which avoid
ionization by electron bombardment.
Another important aspect of the higher plasma density is the increased heat flux
into the wall. It was found that, with an appropriate choice of materials and compo-
nent configurations, the intrinsically stronger thermal gradients could be exploited to
shunt heat to non-critical areas for radiation. The final dimensions of the iron center
pole, however, were such that sufficient heat conduction was not achieved. This re-
sulted in the partial loss of magnetic permeability near the tip and a decrease of the
magnetic field strength within the gap. In retrospect, the situation could have been
improved if the center pole had been designed to be somewhat thicker with a conical
taper and a thicker base. Even if attempted, however, tight tolerances as well as
the alignment and geometrical constraints dictated by scaling, make these alterations
extremely difficult, if not impossible.
Another lesson learned was the need to use permanent magnets in order to achieve
the higher magnetic fields dictated by scaling. Although the use of permanent mag-
nets had extended the available scaling range to power levels beyond what is normally
possible with electric coils, intrinsic limitations of the existing magnetic alloys do not
permit scaling below power levels of about 40-45 Watts. In addition, the sensitivity
of these magnets to temperature makes thermal design of these and other compo-
nents especially important. The current design appears to be satisfactory in this
respect, except that, because of the unexpectedly low efficiency and, hence, addi-
tional unforeseen heat dissipation, it is possible that some reversible field weakening
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may have occurred during operation. As suggested by the subsequent measurements
of the magnetic field strength, it is unlikely that excessive heating had caused any
permanent damage to the magnets.
The very small physical dimensions of the 50 Watt Hall thruster have posed a
number of practical difficulties. Some of the more significant and severe ones are
outlined below:
a) Measuring and mapping the profile of the magnetic field strength within the
narrow 1.6 mm gap to even moderate accuracy requires the use of magnetic field sen-
sors which are less than 50-100 pm in size. The lack of adequate instrumentation has
precluded any detailed measurements from being made to validate the nominal field
strength against the results of a numerical simulation, or to examine the changes, if
any, in the field strength that may have occurs over the course of the experiments.
A large 1.5 mm Gauss probe was used instead to provide a rough indication of the
mean magnetic field strength in the vicinity of the central pole piece.
b) Following the configurations of the typical TAL designs, the anode of the minia-
ture thruster was extended towards the exit of the channel where the field profile is
tailored so as to be tangent to the frontal face of the anode. Hence, even minimal
misalignment of the anode with respect to the thruster center line may force the field
lines to intersect the anode and cause excessive electron leakage. Attaining relative
tolerances on centering and alignment comparable to those in larger devices is gener-
ally more difficult with miniature components.
c) Rough measurements of the magnetic field strength using a 1.5 mm Gauss probe
have also indicated a non-uniformity of the field strength in the azimuthal direction.
Significant variations of the field strength along the circumference of the channel, at
certain locations by as much as a factor of two, can be attributed to the variability
in the shapes of the segmented magnets. Crumbling and the lack of axial symmetry
due to the manufacturing and assembly imperfections may have contributed to the
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field variations as well. Such strong azimuthal gradients suggest that, even prior to
thruster operation, the nominal field profile may not have been properly shaped to
prevent intersections of the field lines with the anode.
d) Reduction in component dimensions made the manufacturing of the critical
parts, such as the anode and the magnetic circuit assembly, more difficult. The
choice of a TAL configuration with an extended anode was primarily dictated by the
desire to avoid the use of a thin and fragile ceramic insulator but, in turn, it intro-
duced an unwanted sensitivity to alignment.
e) Small magnetic particles had a tendency to lodge in the narrow (0.3 mm) gap
between the anode and the main magnet creating occasional shorting. Although some
of these particles were metallic dust collected during handling and installation, the
majority of them were debris from the SmCo magnet. The magnets were ultimately
encapsulated in nickel to reduce crumbling.
f) Removal of the trapped magnetic particles from the gap between the anode and
the magnetic assembly prior to thruster installation required the ability to access the
interior of the channel. Because of the need to provide for assembly and disassembly
of the anode supported by its metallic feed tubes, press fits were used at one of their
ends. The problem of ensuring gas tightness at that location was not fully resolved
and gas leaks could not be completely ruled out. Improvements are needed in this
regard.
g) The most severe limitation, however, is the loss of operating life due to the
increased particle fluxes and erosion rates at small scale. It was shown in the earlier
sections that the expected lifetime of the micro-Hall thruster is reduced by almost a
factor of a thousand from the nominal life of 7,000 hrs experimentally obtained for a
larger 1.35 kW thruster (SPT-100). Although no specific erosion rate measurements
were performed, the signs of accelerated erosion can be clearly seen with a naked
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Figure 4-10: Erosion pattern at the center pole piece
eye after about 8-10 hours of accumulated operational time. Fig. 4-10 clearly shows
a deep cavity which was developed on the frontal face of the center pole piece due
to the impinging ions. A slight tapering of the sharp cylindrical edge of the anode
tip towards the axis can also be observed. Visible deposition of sputtered metallic
material onto the slanted walls of the stainless cover provides yet another indicator
of the encroaching problem. To the best of our understanding, poor performance
was not an intrinsic feature of the reduced scale, but rather the indirect consequence
of the imperfections due to the operational, assembly, and manufacturing difficulties
listed above. As noted in the earlier sections, distortion of the magnetic field due to
the overheating of the center pole piece is the most likely explanation. Unfortunately,
iteration and improvement would require both diagnostics, which are not available at
this scale, and a stronger motivation which can not be justified in view of the intrinsic
lifetime limitations of this micro-plasma device.
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Chapter 5
Physics of Colloidal Thrusters
5.1 Literature Review
5.1.1 Scientific work in the area of electro-spray physics
The early work in the area of electro-spray science dates back to the 1900's when
experimental investigations by Zeleny [24], [25] first demonstrated the existence of
a stable conical meniscus when a fluid surface was subjected to an applied electro-
static stress. Numerous qualitative observations revealed that for a range of operating
voltages and flow rates the shape of the meniscus was that of a nearly perfect cone
with a semi-cone angle of approximately 49 degrees. The first theoretical work that
explained the observed behavior was that of G.I. Taylor [26], who showed that the
simplest equipotential surface for which surface tension can balance electrostatic trac-
tion is that of a cone with a semi-cone angle of nearly 49.3 degrees. In light of this
important discovery, conical equipotential surfaces for which such balance is satisfied
are now referred to as Taylor cones. Shortly thereafter, Hendricks and Pfeifer [9]
developed a linearized model analyzing the stability of surface perturbations under
the action of a normal electric field. In their estimates of the charge to mass ratio
they utilized the fact that the amount of charge accumulated on each of the ejected
droplets could not exceed that for which the surface tension exactly balanced elec-
trostatic repulsion. The breakup process of charged droplets was studied in detail by
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Lord Rayleigh in 1882 and the stress criterion which yields the maximum charge to
mass ratio is nowadays referred to as the Rayleigh limit.
Although Taylor's hypothesis did shed some light on the most likely mechanism
responsible for the prevailing geometry of the observed fluid shapes, his simple model
was inadequate to explain the formation of a thin jet issuing at the tip of the cone.
In addition, it failed to explain the noticeable deviations of the fluid menisci from
a 49.3-degree cone under certain operating conditions. For an electro-spray in air,
where droplets are mobility limited, such deviations were explained by F. de la Mora
[16] as the effects of space charge due to the droplets present in a conical jet modifying
the electrostatic field at the cone surface. The work by Mestel [27] contains one of the
first attempts to model the mechanisms responsible for the formation of a charged jet
for flows at high Reynolds numbers showing reasonable agreement with the data. A
more fundamental mechanism, however, was suggested by F. de la Mora [15] showing
that the cone was unable to maintain constant potential near the tip due to the
increasing rate of charge convection. As a result, the equipotential conical solution
could no longer apply and a different geometry must set in. With the help of a simple
semi-empirical model, F. de la Mora was able to determine the characteristic size of
the jet and to obtain a scaling relation between the current and the flow rate, both
found to be in good agreement with the experimental data. Another work by Chen
et al [8] details an experiment further confirming the dependence of the current on
the flow rate and which also analyzes the droplet size distribution as a function of
the flow rate and the electrical conductivity of the solution. de Juan and F. de la
Mora [28] in their joint experimental work used a differential mobility analyzer and a
size spectrometer to determine the distribution of charge, droplet size, and the charge
to mass ratio. Their results indicated that although the charge and the mass of the
droplets were each broadly distributed, the ratio of charge to mass was contained
within a narrow band, suggesting that at the time of breakup, most of the charge
was frozen to the fluid. Another work was performed by Rossell-Llompart and F. de
la Mora [14] to measure the droplet size distribution as a function of the flow rate,
viscosity, and the electrical conductivity. The results of this study indicated that
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although the jet diameter was mainly controlled by the flow rate and the electrical
conductivity of the solution, and was generally unaffected by moderate changes in
viscosity, the process of jet breakup and the resulting droplet size distribution did
show some dependence.
A number of early studies involving glycerol solutions and more recent work with a
number of high-conductivity electrolytes suggest that under certain conditions, as the
jet diameter decreases in size, the electric field at the tip increases to the point when
not only droplets, but also pure ions can be directly extracted from the surface. Since
the charge to mass ratio of pure ions can be orders of magnitude larger than that
of droplets, mixed-regime operation involving both ions and droplets is important
from the standpoint of propulsion applications. The process of ion emission from
the tip of a cone-jet has been studied in detail by Loscertales and F. de la Mora
[29]. The experiments have shown that the strength of the electric field required
for ion evaporation was on the order 1 V/nm. In a more recent study by Gamero-
Castano [17], accurate measurements were performed using a stopping potential with
a differential mobility analyzer to determine the constituents of the jet by their charge
and mass. It was concluded that for sufficiently low flow rates ions could be extracted
directly from the neck of the jet, producing significantly more current for a given flow
rate than predicted for pure droplets.
5.1.2 Developments in the field of colloidal propulsion
The earlier scientific work in area of electro-spray physics was mainly motivated
by meteorological studies of charged rain droplets, industrial applications to spray-
painting, or chemical diagnostics using mass-spectroscopy. In the 1960's, however,
because of the scientific advances and progress in the understanding of electro-spray
physics, strides were made to develop the first prototypes of colloidal thrusters. The
specific needs of this application demanded that highly charged particles be acceler-
ated to high speeds, yet at the same time operating at sufficiently low voltages to
be acceptable in the spacecraft environment. These conflicting requirements have
shifted the emphasis of the research efforts in this area from component level design
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towards more detailed studies of thruster physics in an attempt to achieve emission
of droplets with larger charge to mass ratios.
The first attempts to develop operational models of colloidal thrusters date back
to the 1960s. Cohen et al. of TRW [30] used glycerol solutions with sulfuric acid
(conductivity on the order of 0.02 Si/m) in a multi-needle arrangement to extract
and accelerate droplets across a 100 kV potential difference. Such high voltages
were necessary because of the relatively low charge to mass ratio obtained for the
fluids used in the experiments, ranging anywhere from 100 to 400 C/kg in most
cases. Krohn [31] of Space Technology Labs in his experimental work used a time-
of-flight analyzer to measure the charge to mass ratio of droplets produced from the
glycerol solution with antimony trichloride. A narrow distribution of charge to mass
ratio was reported with the mean centering at about 470 C/kg. The author admits
that an I, of 2,000 sec could be achieved only if these droplets were accelerated
through a mind-boggling 430,000 Volts of potential difference. A research study by
Perel and Mahoney [11] contains data for solutions of sulfuric acid in glycerol for
various electrical conductivities. Surprisingly, even at sufficiently low conductivities,
the reported mean charge to mass ratio was on the order of 4 x 104 C/kg. Such
large values of charge to mass ratio could be explained only by a hypothesis that
a significant portion of the emitted particles were, in fact, ions which were directly
extracted from the tip of the meniscus. As such, the behavior of glycerol did not
conform to the existing models which predict that low conductivity solutions are
unable to produce a thin enough jet for the normal field to reach sufficient strength
for ion emission. This anomaly has been recently resolved and is analyzed in detail in
the current Chapter. The same work by Perel also suggests a possible bipolar thruster
configuration in which droplets carrying both positive and negative charge could be
extracted simultaneously by applying opposite polarity potentials to a number of
adjacent electrodes. Such a configuration would eliminate the need for a separate
cathode and would prevent spacecraft charging during operation. A successful 1,000-
hour duration test was later performed by the same group on an annular colloidal
thruster operating on a solution of lithium iodide in glycerol at 15 kV with an I, of
83
1,160 sec [12]. Additional modifications to the design including annular configurations
and the use of a different solute as a working fluid were exploited in the follow-up
experiments [13],[32] reporting efficiencies as high as 73%. At about the same time
a group at TRW [10] performed a 4,300-hour lifetime test on a multi-needle thruster
module utilizing sodium iodide dissolved in glycerol and operating at 12.3 kV. The
thruster operated at an average I,p of 1,300 sec and delivered thrust on the order of 75
pib. Limited signs of erosion were reported, however, with little or no consequence to
the overall performance of the device. One of the last reported research activities in
the area of colloidal propulsion was the experimental work by Huberman and Rosen
[33]. They utilized an annular geometry with three segmented electrodes to allow
for limited thrust vectoring, and produced 547 pN of thrust at an Ip of 1,325 sec:
performance results very similar to those obtained in [32], [10].
No relevant literature was found during the time period after 1974 up until more
recently in 1995. A brief article by Shtyrlin [34] summarizes the work performed
at MAI (Russia) for the past decade reporting the development efforts of a thruster
array operating at 15 kV and emitting particles with charge to mass ratios of nearly
3,300 C/kg. It appears that the interest in colloidal thrusters had suddenly dis-
appeared after a number of successful attempts to develop and test high-efficiency
prototypes. It is possible that the need for high voltages, in most cases exceeding 10
kV, drew the attention of propulsion engineers away from colloidal thrusters towards
alternative technologies (such as ion engines or Hall thrusters) operating at signifi-
cantly lower voltages, yet demonstrating efficiencies comparable to those of colloidal
thruster. Potential complications associated with the manufacturing of multi-needle
arrays to produce sufficient thrust levels required for most military and commercial
spacecraft may also have contributed to the overall halt in their development.
5.2 Weaknesses of current models
In spite of the extensive research efforts put into the development and understanding
of colloidal thruster physics, there currently exists no single theory which encompasses
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all of the mechanisms to satisfactorily explain the phenomena observed in the exper-
iments. Understanding of a number of unresolved issues and experimental anomalies
still remains a challenge to this day. Some of these pending problems require further
investigation and are briefly summarized below.
a) It was alluded to in a number of recent models [35], [15] that the fluid's viscosity
has little effect on the performance of a cone-jet emitter. This was mainly motivated
by the that the sink flow dominates over the recirculating shear flow near the tip, so
that viscosity never shows up in determining the flow pattern in the vicinity of the jet
and, hence, does not affect the resulting charge to mass ratio of the droplets. Although
the majority of the fluid combinations (both solvents and solutes) utilized in the
experiments have, indeed, demonstrated the alleged lack of dependence on viscosity,
viscous glycerol solutions in the work by Perel et al [11], [12] have yielded currents
orders of magnitude larger than those predicted by the model. Such excessive currents
can be attributed to either ions directly extracted from the fluid surface in the vicinity
of the tip or to the development of multiple cones each of which carries much smaller
currents (see below). It was believed, up until recently, that under nominal operating
conditions the characteristic jet size scales with the cube root of the flow rate and
inversely with the cube root of the electrical conductivity, so that low-conductivity
solutions can only produce jets with larger dimensions and correspondingly lower
values of the normal electric field at the surface. It was, therefore, believed that such
low-conductivity solutions as those with glycerol used by Perel et al were unlikely to
reach sufficient normal fields to initiate ion emission. Recent work by M. Martinez-
Sanchez (MIT) has shown that the anomalous behavior of glycerol can attributed to
the dependence of ion mobility on fluid viscosity (see Sec. 5.4 for details).
b) It has been observed in a number of experiments, especially those involving
glycerol, that at sufficiently high voltages multiple cones form at each of the emitter
tips. Although crude explanations as to the possible nature of this so-called highly
stressed regime do exist [36], no solid theory is available to adequately predict the
circumstances under which such multiple tips develop.
c) In high-conductivity solutions operated at sufficiently low flow rates, in addition
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to pure droplets, ions were emitted directly from the tip of the meniscus. Because
of their large charge to mass ratio, even a small fraction of ions by mass contributes
significantly to the overall current. Hence, the trend of current versus flow rate,
which is generally well correlated with the data in the absence of ions, is no longer
valid. It is, therefore, plausible that such strong ion current may have an impact on
the production of droplets and the resulting charge to mass ratio. As none of the
current models consider the impact of ion emission on the processes responsible for
the formation of the jet and its breakup, further analysis is needed to assess these
effects for the case of mixed-mode operation.
d) Currently existing electrohydrodynamic models of cone-jet emitters almost in-
variably assume that an unlimited supply of charge is available in the fluid core to be
driven to the surface and convected towards the tip. Although this may be the case
within the cone where the fluid velocity and the convective currents are still small,
the number of dissociated ions in the core may be depleting in the vicinity of the
tip, resulting in an effective decrease of the electrical conductivity. This effect may
have been observed in the work by F. de la Mora [15] in the analysis of the so-called
minimum flow rate. As suggested by the experiments, for each fluid combination
there exists a minimum value of the flow rate for which only positive ions but not
the negative ones are extracted together with the droplets, emitting the maximum
possible current for a given flow rate. Such complete charge separation indicates that
all of the available positive ions have been driven to the surface and additional ion
conduction to the surface is no longer possible. Understanding the mechanisms of
ion depletion and the resulting decrease in the electrical conductivity are of signif-
icance for the desired mixed-mode operation since ion emission usually occurs near
the minimum flow rate.
e) Colloidal emitters based on bipolar operation are able to remove both the pos-
itive and the negative ions away from the fluid core. Conventional emitters, however,
extract ions of a single polarity only, hence, the by-products of the neutralization of
ions with the opposite polarity accumulate within the fluid core and can potentially
affect the operation. Experimental observations [15] indicate that some of the nega-
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tive ions, especially those with iodine and bromine, which are retained in the solution,
combine pairwise to form a gaseous residue. Gas molecules then either dissolve in
the solution or form bubbles which periodically emanate from the fluid. Aside from
the limited qualitative observations, the effects of this process on the performance of
cone-jet emitters are not well understood and require further studies.
5.3 Scaling and performance of colloidal thrusters
Complete and up-to-date descriptions of the known physics and the scaling laws
governing the operation of colloidal thrusters have not yet been published in the
literature. Specifically, the analysis of the mixed-regime physics, the resulting ad-
vantages of low-voltage operation, and the explanation of the minimum flow rate are
discussed here in some detail. An attempt was made to provide a complete account of
the relevant mechanisms responsible for the cone-jet electrostatics, charge transport,
and the formation of charged droplets justifying, at least conceptually, the multi-
tude of the experimentally observed phenomena. A more detailed numerical analysis
incorporating these effects at once can be found in Chapter 7.
5.3.1 Electrostatics of cone-jet emitters
The free surface of a conducting fluid subject to a normal electrostatic stress can
become unstable and form into a quasi-stable protrusion along which electrostatic
stress balances the surface tension. Several analyses have been published in the
literature [15],[27],[37],[9],[36] containing alternative derivations or statements of a
criterion for the minimum electric field required to induce a surface instability. All of
these derivations ignore the contribution to the overall stress due to the internal pres-
sure in comparison to the electrostatic stress and surface tension. It is qualitatively
true that the pressure alone can not induce an instability since, unlike other stress
components, it does not intensify with decreasing radius of curvature. Hence, for the
purposes of this analysis, once electrostatic traction dominates, the effects of internal
pressure can be ignored. The simplest approach to obtain a stability criterion [15] is
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to assume that a spherical meniscus is formed at the tip of a thin capillary of radius
Ro such that most of the voltage drop develops near the tip and that the electric field
is independent of the external electrode geometry and can be locally approximated
as:
Es RV (5.1)
Ro
where V is the applied voltage. Surface instability occurs when electrostatic stress
exceeds that due to surface tension:
--oE 2> y (5.2)
2 S Ro
or, solving for the minimum required voltage:
Vmin > yo (5.3)60
A more detailed analysis by Martinez-Sanchez [36] assumes that the capillary with
the fluid meniscus has a shape of a prolate spheroid with radius of curvature Ro at
the tip and an extractor electrode as a flat plate located a distance L away from
the focus of the spheroid. This electrode geometry more closely resembles that of a
typical electro-spray emitter and, in addition, has a known electrostatic solution in
prolate spheroidal coordinates producing an expression similar to that in Eqn. 5.3
for the minimum required voltage,
Vmin > In -- (5.4)tEo Ro
Note that this expression now includes a logarithmic correction factor accounting for
the effect of a nearby electrode.
Although quantitatively less precise, a fundamentally more appealing approach
is presented in Ref. [9] where a linearized analysis of a periodically varying surface
perturbation is performed to determine the criterion for which small amplitude surface
waves become unstable when subjected to an applied electric field. Suppose the
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surface of the fluid lies in the xz-plane with a zeroth-order uniform electric field at
the surface pointing in the y-direction. Assuming the total electric potential to be
a superposition of the nominal component which is linear in y with a harmonically
varying perturbation of the form:
#= -Eoy + 6#e-y cos kx (5.5)
the equipotential surface for which # = 0 in the limit ay -+ 0 can be expressed as:
0 - -EOy + 6# cos kx (5.6)
or
y cos kx (5.7)Y Eo
The constant k in Eqns. 5.5-5.7 is the wave number given by k = 27r/A where A is the
wavelength of a periodic disturbance. The maximum curvature can be determined by
taking the second derivative of y and evaluating it at the crests for which kx = 2nr:
1 
_ 60~k2  (5.8)
Re Eo
The instability at the surface will occur when a perturbation in the electrostatic stress
exceeds the restoring stress due to surface tension:
6 (EE2 =oEoE > -0 (5.9)
Evaluating the total electric field at the crests:
E - - Eo + 6#k (5.10)
ay
and substituting the nominal and the first-order corrections into Eqn. 5.9 results in
the following expression for EO:
Eo > (5.11)
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Since the onset of instability afflicts waves with the smallest value of k (or largest
wavelength) first, taking A/2 to be the diameter of the capillary A/2 = 2Ro and using
Vmi ~_ EoRo gives the following expression for the minimum required voltage:
Vmin > 'ryRo (5.12)
2eo
This expression is in good qualitative agreement with the alternative versions of the
estimate for the minimum required voltage given in Eqns. 5.3 and 5.4.
It has been observed in numerous experimental studies by Zeleny [24],[25], Taylor
[26], de la Mora [15], [16] and many others, that once the threshold voltage has been
exceeded, the fluid surface deforms into a conical protrusion which remains statically
in stable equilibrium. It was also observed that the resulting semi-cone angle was
almost universally in the vicinity of 490. The first explanation for the existence of
such cones was provided by G.I. Taylor [26].
Consider a cone to be an equipotential surface with a semi-cone angle a as shown
in Fig. 5-1. Ignoring the contribution of the internal pressure to the overall stress
balance, the normal electric field must be such that the electrostatic traction balances
the surface tension at all points along the meniscus. It should be noted, however,
that such a solution would apply only when the internal pressure is very small or
sufficiently close to the tip. It will be shown shortly, that both the surface tension
and the electrostatic traction scale inversely with the polar radius r and will both
dominate over the internal pressure near the tip (r -+ 0). Thus, as long as the
supplied upstream pressure is sufficiently low, Taylor's solution is likely to apply in
the vicinity of the tip. Hence:
I eoE = 7(5.13)
2 Re
where Rc is the effective radius of curvature. An expression for the curvature can
be obtained from the divergence of the unit normal vector. In polar coordinates the
curvature for a cylindrically symmetric surface specified by a generator z(R) can be
written as:
90
Xz
y
Figure 5-1: Conical geometry
2+ IR+- 3 /R (5.14)
(1 + p2)3/2
For a conical surface 2 = 0 and z = cot a. Rewriting Eqn. 5.14 in terms of the polar
radius r R/ sin a produces the following expression for the curvature:
cot a (5.15)
r
Imposing the stress balance in Eqn. 5.13 and solving for the normal electric field
gives:
E 2 cot a (5.16)
n 60r
It is now necessary to determine a suitable scalar potential which satisfies Laplace's
equation outside the cone and which produces an electric field which varies inversely
with polar radius r. The general solution of Laplace's equation in spherical coordi-
nates can be written as:
$ = Ar"P, (cos 0) + Br"Q,(cos 0) (5.17)
where P, and Q, are Legendre functions of order v. For the electric field to have
proper dependence on r (see Eqn. 5.16), v has to be equal to 1/2. Of the two
independent solutions, Qi/2 has a singularity inside the cone along its axis (6 = 0),
while P/ 2 is singular outside the cone for 0 = r. Since the intention is to obtain an
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external solution, the coefficient multiplying P, can be taken to be zero. Hence:
#= Bri/2 Qi/2 (cos 0) (5.18)
For the surface to be equipotential, # must be constant and independent of r. Since B
can not be equal to zero, the only possible solution is the one for which Q1/ 2(cos 0) = 0
and # = 0. The function Q1/2 has a single zero corresponding to 0 = 49.290. The
later is an equation of a cone in spherical coordinates for which the semi-cone angle
is equal to 49.290. It should be noted that this result is independent of the applied
voltage, electrode geometry, or fluid properties.
Although this simplified analysis due to Taylor does provide a plausible expla-
nation for the prevailing shapes numerously reported in the experiments, it fails to
address a number of important issues. It is clear from Eqn. 5.16 that the electric
field diverges near the tip when r -+ 0. Since it is physically impossible to attain
infinite fields, Taylor's solution must eventually break down in the vicinity of the
singularity. Taylor's solution also implies that the conical meniscus shape is universal
and is independent of the electrode geometry. This could be the case only if the local
stress balance near the surface dominates the electrostatics and the transition to an
arbitrary external geometry takes place far enough away to have minimal impact.
In addition, an ideal conical surface considered in the analysis, the one for which
z = 0, although the simplest, is only valid in the absence of the internal pressure, for
a particular electrode geometry, and a specific value of the applied voltage. Other
more complicated shapes with non-zero generator curvatures will be produced for any
other geometries and operating conditions. In those cases the potential can be ex-
pressed as a superposition of Legendre polynomials with coefficients chosen to satisfy
the stress balance and the equipotentiality condition. Taylor's solution, however, is
still expected to be valid in the region sufficiently close to the tip (but far away from
the jet), where the internal pressure is small in comparison to the other stress com-
ponents and for radial distances much smaller than the typical electrode dimensions.
Finally, Taylor's assumption that the cone surface is equipotential is questionable.
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Experimental evidence [15) suggests that due to the finite conductivity of the fluid,
voltage drop develops along the surface of the meniscus intensifying towards the tip.
The same data also indicate that it is the inability to maintain constant potential
near the tip that produces the tangential field, accelerates the fluid, and ultimately
determines the location and the size of the jet.
5.3.2 Formation of the jet
As mentioned in the previous section, Taylor's conical solution fails sufficiently close
the apex of the cone since the predicted expression for the electric field diverges
as r -+ 0. It is expected then, that an alternative electrostatic and surface profile
solutions would set in to avoid the singularity. Experimentally, a thin jet is observed
to emerge at the apex of the cone.
The majority of fluids utilized for the purposes of electro-spraying are generally
organic solvents with dissolved electrolytes to achieve desirable levels of ionic conduc-
tivity. Under the influence of the normal electric field, charges of a single polarity
are continuously drawn from the fluid core to the surface maintaining a nearly con-
stant surface potential. Since the cone surface is highly charged, the jet which forms
near the tip carries away an excess of charge and gives rise to an electrical current.
Near the base of the cone, where fluid velocity is still low, the convective current is
negligible, and most of the charge is transported by conduction within the fluid core.
Closer to the apex, however, as the fluid velocity increases and the area available
for conduction decreases, more and more charge is drawn to the surface and con-
vected by the moving fluid. Sufficiently close to the tip, the rate of convective charge
transport becomes greater than the rate at which the charge can be supplied to the
surface and the surface potential begins to drop. From that point onwards the conical
equipotential solution is no longer valid, and a charged jet emerges.
A scaling relation for the jet radius was first obtained and experimentally verified
by F. de la Mora [15] for a variety of fluid solutions with different electrical conduc-
tivities. The scaling is based on the following argument. As long as the characteristic
flow time is much longer than the electrical relaxation time, the charge can be drawn
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to the surface sufficiently fast to maintain a nearly constant potential. Once the char-
acteristic flow time becomes of the same order as the electrical relaxation time, the
constant potential can no longer be maintained, and the jet forms. The characteristic
flow time can be obtained from the continuity equation, assuming purely conical sink
flow:
Q dr
_ 2 -(5.19)
27r(1 - cos a)r 2  dt
where v is the radial flow velocity and r is the polar radius. Separating terms con-
taining r on one side and integrating both sides of the equation yields an expression
for the characteristic flow time:
ty r - (5.20)
The electrical relaxation time can be estimated by considering a fluid interface with
charge density a at the surface with external and internal normal electric fields E"
and Ei respectively. The fields can be related to the charge density by applying
Gauss's theorem to a pill-box across the interface:
a = co(E" - eEi) (5.21)
where o is the surface charge density and e is the dielectric constant. Assuming that
the internal field En drives the charge to the surface, the rate of charge arrival per
unit area can be written as:
do-
= KE' (5.22)dt n
where K is the electrical conductivity. Solving for En' from Eqn. 5.21 and substituting
into Eqn. 5.22 produces a linear differential equation for o-:
+ ) - E K (5.23)
dt eco C
The time constant characterizing variations of the charge density with time can be
extracted from Eqn. 5.23:
te = (5.24)
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The characteristic jet size can now be obtained by equating the electrical relaxation
time te to the characteristic flow time tf:
- ~ - (5.25)
K Q
and solving for the radius r = r*:
* ~(5.26)
An alternative analysis can be performed to show that the grouping in Eqn. 5.26 can,
in fact, be attributed to the loss of equipotentiality and the failure of Taylor's model.
Suppose Taylor's solution is satisfied far enough away from the tip so that E" >> E"
and the surface charge density can be approximated as:
o ~ oE" (5.27)
where the external normal field E" is given by Eqn. 5.16. The current convected at
the surface can be determined from the following relationship:
I, = 2wrr sin avo (5.28)
where I, is the convective current and v, is the fluid velocity at the surface and is
given by Eqn. 5.19. Substituting Eqns. 5.16, 5.19, and 5.27 into Eqn. 5.28 gives the
following expression for the convective current:
Q sin a co ot a 1
s= - ~ct)1(5.29)1 - Cos a )r3/2
Since the charge is driven from the core to the surface by means of the internal normal
field E,, the rate at which charge is deposited to the surface per unit length is given
by:
dI~
s= -27rr sin aKEi (5.30)drn
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Substituting Eqn. 5.29 into Eqn. 5.30 and solving for E, yields:
E' (3QV27yeo cot a 147rK(1 - cos a) r 7/2
This equation indicates that the internal field E, varies as 1/r/ 2 while the external
field E" varies as 1/ri/2. Thus, the external field dominates for sufficiently large
values of r, as expected, however, in the vicinity of the tip, where cE, becomes of the
same order as E", the contribution from the internal field to the Gauss's law in Eqn.
5.21 can no longer be ignored and the stress balance assumed in the Taylor's model
no longer applies. Setting E, ~ cEn:
2y cot a 1 3Q/27eocota 1S'C (5.32)
60 r1 /2  47rK(1 - cos a) r 7/ 2
and solving for the characteristic polar radius r yields:
r* = ( 1/3 (6 )1/ 3  (5.33)(47(1 - cos a)) K
Evaluating the numerical constant for a = 49.290 yields an estimate of the character-
istic jet size:
ECOQ 1/3
r* ~~0.88 ( Ko)1 (5.34)
which is in close agreement to a similar estimate obtained earlier in Eqn. 5.26. This
scaling law has been validated in a number of experimental studies by F. de la Mora
[15], [14] for a variety of fluid solutions with different electrical conductivities and at
different flow rates. The reported ratio of the measured jet radius to r* averages at
a constant value of approximately 0.2. It is believed, based on these results, that the
charge relaxation hypothesis presented in this section provides a workable explanation
for the basic mechanism responsible for the formation of the jet and lays the necessary
groundwork for further modeling.
As discussed earlier, the convective current, which is generally considered to be
small along the majority of the conical surface, becomes dominant in the vicinity of
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the tip as more and more charge is drawn to the surface by the normal internal field.
The value of the convective current in the vicinity of the jet can be estimated by
evaluating the expression for I, in Eqn. 5.29 at r = r*:
sinav/2 cot a (QK 1/2  (3)
1 - Cos a e )
Although there is no firm theoretical basis for this result, experimental evidence [15]
for a variety of solutions with different fluid parameters strongly suggests that the
total current collected at the extractor plate scales with the quantity (yQK/E) 1 / 2
found in Eqn. 5.35 with good accuracy:
I f(e) /2 (5.36)
where f(e) is some empirically determined function of E which ranges in value any-
where between 15 and 25 for polar solutions (e > 40). This result indicates that,
sufficiently close to the jet, the relative proportions of the conductive and the con-
vective currents to the overall current 10 are independent of the operating conditions
and depend only on the dielectric constant E. More importantly, it shows that the
emitted current is independent of the applied voltage and depends only on the flow
rate and the fluid properties. Just as an indicator, for some of the fluid solutions
used in the experiments by F. de la Mora, the resultant fraction of the convective to
the overall current at r = r* was estimated to be on the order of 0.01. This suggests
that the majority of the total current at r* is still carried by conduction and that the
correlation 1o -, I implied by Eqn. 5.36 is not automatic, but is rather a consequence
of an as yet unknown mechanism.
5.3.3 Production of droplets
It was concluded, based on the Taylor's model, that the meniscus surface, once formed,
maintains stress equilibrium at the surface between the surface tension and electro-
static traction. Presumably, such equilibrium is still satisfied throughout the menis-
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cus, including the jet. It is assumed here, just as before, that as r approaches r* and
beyond into the jet, both surface tension and electrostatic traction dominate over the
internal pressure, so that it can still be ignored in the stress balance. The internal
pressure does contribute to the axial momentum balance in the jet, however, this
effect will be addressed in more detail in Chapter 7. Once the jet starts breaking up
into droplets as a result of the classical Rayleigh-Taylor instability, it is reasonable to
assume that the droplets are produced such as to maintain this same stress balance.
Assuming perfectly spherical droplets of radius Rd carrying charge q, the electric field
at the surface of such droplet is given by:
Es = 4q (5.37)
47eoR2
so that the stress balance at the surface can be written as:
2-y- = - q 2  (5.38)
R 2 4,wreoR2
Since the mass of each droplet is equal to 4/37R 3 p the charge to mass ratio is given
by:
q 
_6(E7)1/2 (5.39)
m pR 3 / 2
This expression gives the maximum attainable charge that can be accumulated on
a droplet of a given mass. In the earlier discussion, such operation was referred to
as the "Rayleigh limit". In reality, however, experimental measurements of droplet
size versus charge to mass ratio in glycerol and octoil solutions [9] indicate that the
majority of droplets of a given mass carry charge almost universally half of that
predicted by Eqn. 5.39. An alternative derivation of the charge to mass ratio does
exist in references [9], [36]. It is based on the argument that the amount of charge
carried by each droplet is such as to minimize the sum of the electrostatic and the
elastic energy due to surface tension of an assembly of drops with a given total mass
and total charge. This alternative derivation produces a result identical to that in
Eqn. 5.39, however, with an additional factor of 2 in the denominator. The prediction
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based on the minimum-energy argument does correlate well with the data, however,
since it ignores the unsteady nature of droplet production and due to the lack of a
firm theoretical foundation it will not be detailed here.
Experimental data also indicates [15], [14] that the jet breaks up into droplets in
accordance with the classical Rayleigh-Taylor criterion. Although the classical form
of the stability criterion only applies to the cases of uncharged jets, empirical evidence
strongly suggests that it is still applicable in the presence of electrostatic traction at
the surface. This result can be, at least conceptually, motivated by the fact that the
Rayleigh-Taylor criterion is independent of the surface tension coefficient, and should,
in principle, hold even for small values of -y. Since the presence of electrostatic traction
effectively reduces the value of -y to nearly zero, it is not unreasonable to believe that
the Rayleigh-Taylor criterion would still apply. A more detailed analysis of the jet
instability in the presence of surface charges was performed by M. Martinez-Sanchez
and is detailed in Ref. [38]. Imposing the criterion to obtain the most unstable
wavelength and converting the resultant cylindrical volume into a spherical droplet
results in the following relationship between the jet and the droplet radii:
Rj 
-
~d , 1.89 (5.40)
Rd
Knowing the characteristic radius of the jet from Eqn. 5.34 together with Eqn. 5.40
the charge to mass ratio on each droplet is given by:
q 15.7 (-K 1/2
- 1 /(5.41)
m p QE
Just to close the argument, for consistency, a similar result can be obtained from the
expression for the total current:
- -
- (5.42)
m pQ p (QE
which is in agreement with Eqn. 5.41 if f(E) = 15.7 (recall the empirical f(E) ~
18 - 25). Although a more detailed discussion of the numerical results is to follow, it
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is worth noting here the attainable values of q/m for a typical solution of formamide
with K = 1 Si/m, y = 0.06 N/m, p = 1, 100 kg/m 3 , and Q = 10-4 m 3 /s. This
value of the flow rate has been chosen such as to be just above the minimum stable
flow rate, an operational limitation which will be discussed in detail in the following
section. Substituting the values into Eqn. 5.42 yields a charge to mass ratio on the
order of 5, 570 C/kg. Just to put this number in perspective, in order to achieve
an I, of 1,000 sec these droplets would have to be accelerated through a potential
difference of about 8.6 kV.
5.3.4 Regimes of operation
The results of the experiments [15], [14] indicate that high-conductivity solutions
produce stable cone-jets over a specific range of operating conditions. The minimum
voltage required to initiate the surface instability was already discussed earlier in
this Chapter. Once the applied voltage exceeds the minimum required value, the
fluid surface assumes a conical shape and the operating characteristics of the spray
are controlled by the fluid properties and the flow rate. It should be noted that
for a given electrode geometry and pressure, there is only one value of the applied
voltage for which the resultant shape is purely conical. Experimentally, the fluid
meniscus was observed to be stable within a narrow range of applied voltages for
which the emitted current was nearly independent of the voltage [8], [13]. Some of
the operational limitations which depend on the choice of the working fluid and the
flow rate are discussed below.
It was assumed in most of the prior discussions that the flow velocity within the
cone and near the tip was sufficiently low so that fluid inertia never contributed to
the force balance and, hence, never effected the operation of a cone-jet. In order
to quantify the effect of fluid inertia, it is useful to consider the interplay of the
three dominant pressure components: the surface tension, dynamic pressure, and the
tangential electrostatic stress. It is assumed here that the surface tension balances the
normal electrostatic traction and the internal pressure at all times. Since the internal
pressure is nearly constant and becomes insignificant near the tip, sufficiently close to
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Figure 5-2: Operating regimes: a) charge relaxation effect, b) dynamic pressure effect
it, surface tension and electrostatic traction must scale in proportion. The dynamic
pressure expressed in terms of the polar radius scales as:
pdP>2 2(,) (5.43)
The stress due to surface tension scales as:
pt~Q7) (5.44)
Finally, the normal electrostatic stress in the axial direction scales as ecoEt
Pe - o (Kr2 K r (5.45)
Clearly, the radial electrostatic stress scales similarly with the dynamic pressure,
hence, it is useful to introduce a dimensionless parameter q 2 as an indicator of the
relative magnitudes of the dynamic pressure in comparison to the axial electrostatic
stress:
2 pQK
'r/2 = (5.46)
The three pressure components are plotted versus 1/r for two different cases in Fig. 5-
2. Operation at small values of 71 (see Fig. 5-2 a) implies that inertia is not important
and the charge relaxation limit pt ~ pe is reached first with decreasing r. Incidentally,
since surface tension scales with normal electrostatic traction, setting pt = Pe yields
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the scale length for which internal field becomes of the same order as the normal
external field, recovering the previously obtained scaling for the characteristic jet
size:
'7 
_ EE0Q'y (5.47)
r Kr4
or
r =/3 (5.48)
This regime of operation is the one reported in [15] to most closely resemble that
of Taylor's solution and which breaks down only very close to the tip when r -+ r*.
Alternatively, when 7 > 1, corresponding to the operation at high flow rates (see
Fig. 5-2 b) the charge relaxation limit is never attained and the cone-jet is nearly
equipotential. Instead, the dynamic pressure takes over first when Pd _ Pt or:
SpQ(2 4 (5.49)
r (rI
Solving for the characteristic radius R* corresponding to the limit in which inertia
dominates yields the following expression:
R* = ) = 2/3r* (5.50)
Operation in the regime q > 1 was observed and reported in Ref. [14]. It was
concluded that for sufficiently large values of q, the jet size was no longer dependent
upon the electrical conductivity of the solution, as suggested by the data and as can
be verified from Eqn. 5.50. The values of q for which such transition occurred in the
experiments with formamide ranged anywhere between 8 and 10.
On the opposite end of the spectrum, it was observed that there exists a minimum
flow rate below which operation was no longer stable. The existence of such a lower
bound on the flow rate was first analyzed in Ref. [361 and can be understood from
the following basic argument. As observed from Eqn. 5.42, the amount of charge
accumulated on each droplet increases with decreasing flow rate. In principle, there-
fore, by operating at sufficiently low flow rates, arbitrarily high charge to mass ratios
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II ~ (KQ)1/2
Qmin KQ
Figure 5-3: Onset of the minimum flow rate (boundary indicates maximum allowable
current for a given flow rate)
could be attained. Since the charge on each droplet comes from the dissociated ions
in the electrolyte solution, it is not possible to extract in steady state more ions of
one polarity per unit mass than are available in the solution. The amount of charge
available per unit mass can be estimated form the concentration of dissociated ions
C (moles/l):
q Imax _ 1000eNAC
kJ~Jax = Q -(5.51)M max pQ p
where NA is the Avogadro's number and e is the charge of an electron. The concen-
tration of ions in aqueous solutions can be related to the electrical conductivity K
through an equivalent molar conductivity parameter (mobility) Ao tabulated in Ref.
[39] for a variety of aqueous solutions. For many electrolyte solutions with low vis-
cosity containing ions other than those of hydrogen, the values of A0 range anywhere
between 12 and 15 (Si/m)(i/mole) at room temperature. It will be shown shortly
that the mobility is inversely proportional to fluid's viscosity, so that the values of
A0 for highly viscous solutions (such as glycerol) may be significantly smaller. The
maximum current for a given flow rate can be expressed as:
Imax 1000eNA KQ = 10OOeNACQ (5.52)Ao
As intuition suggests, the maximum attainable current is only dependent on the
flow rate and the concentration of the dissociated ions. Alternatively, for any given
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current, Eqn. 3.52 gives the minimum flow rate which is required to provide sufficient
concentration of ions to maintain such current. The existence of an operational
minimum flow rate is graphically illustrated in Fig. 5-3. Plotted are the expected
current for a given flow rate I ~ (Q)i/ 2 from Eqn. 5.42 and the maximum allowed
current Im., Q from Eqn. 5.52. Clearly, there is a value of Qmin for which the two
values are equal:
Aof(E) 2 'yf 2 (E) AO
Qzn - EK (12000eNA 2 e (1000eNA) 2 C (5.53)
and at which all of the charge of one polarity is extracted in the droplets and below
which no additional current can be drawn. It was experimentally observed that near
Qm in the cone became unstable and the jet intermittently appeared at the tip. The re-
sultant current obtained at the minimum flow rate can be determined by substituting
Eqn. 5.53 into Eqn. 5.52:
~yf 2 (e) A0I (Qmin) = _f2,E AO(5.54)E (1000eNA)
In order to support the above hypothesis with the data, the characteristic quantity
,q corresponding to the minimum stable flow rate can be correlated with the data
reported from the experiments by de la Mora [15], [14] for a variety of low-viscosity
fluid solutions and electrical conductivities. Almost universally, the minimum attain-
able values of 71 were on the order of 1/2. Extracting T1 from Eqn. 5.53 in terms of
the fluid properties yields:
(pQK 1/2 AOf(e) p
min 'YEEo (5.55)
Just for the purposes of illustration, for formamide solutions used in the experiments
with e = 100, f(E) = 25, Ao ~ 15 (Si/m)(i/mole) , and p = 1100 kg/m 3 the value
of Tmin is on the order of 0.43, in close agreement with the data. Incidentally, the
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maximum attainable value of q/m is given by:
q f(e)K 
_ (1000NAe)C
(M)max -_ (5.56)
m /mUine ilo p
which is a function of the fluid properties only. For the formamide solution, considered
above, with the electrical conductivity of 2 Si/m and qmin = 1/2 the maximum
attainable charge to mass ratio is on the order of 10,000 C/kg. Such droplets would
have to be accelerated across a 5 kV potential difference to achieve an I, of 1,000
sec.
Although the minimum flow rate obtained for most low-viscosity solutions (such
as those with formamide, ethylene glycol, and water) have been shown to agree quan-
titatively with the values predicted by Eqn. 5.53, much lower values of Qmi, were ob-
served for highly viscous solutions of glycerol in the work by Perel et al [11), [12), [13).
Although still consistent with Eqn. 5.53, it was reported that even low-conductivity
solutions were capable of producing ions (see Sec. 5.4), i.e. were able to operate at
sufficiently low flow rates for the surface field to reach critical values required for field
ionization. This anomaly instigated the question of whether or not viscosity plays
any role in determining imin (Eqn. 5.55). Using Stokes approximation in a simplified
model for the motion of ions, each carrying charge ezi, the balance of the drag force
against the electrostatic force yields:
67ryvjRj ~~ eziE (5.57)
where vi is the drift speed of ions and R is the radius of each ion. The mobility of
the ions of each polarity is, therefore, given by:
Vi ezj
Ai = - - (5.58)2 E 6wrAR,
In terms of the respective mobilities of the positive and the negative ions, assuming
electrical neutrality z+n+ = z-n-, the electrical conductivity can be expressed as
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follows:
K = (A+ + A~)ez++ (5.59)
Since the equivalent molar mobility Ao is equal to K/C, and z+n+ = (1000NAC)
then:
Ao = 1000NAe(A+ + A-) (5.60)
Substituting Eqn. 5.58 for both the positive and the negative ion mobilities produces
the following expression for AO:
1000NAe 2  z+ z-(
Ao = (5.61)
6,7p R+ R--
Although at the atomic dimensions Stokes model may be too crude to yield quanti-
tatively accurate results, Eqn. 5.61 clearly shows the dependence of the ion mobility
on viscosity. Since T min~ AO and Ao 1/p, the minimum flow rate for more viscous
solutions will generally be lower. This result does provide a plausible explanation
for the anomalous ion emission observed for viscous glycerol solutions, however, due
to the lack of sufficient data for these fluids, the correlation Timin ~ 1/p can not be
experimentally justified at this time. A more detailed discussion of the criterion for
the onset of ion emission and the effects of viscosity can be found in the following
section.
5.4 Ion emission
Thus far, a complete description of the cone-jet physics has been presented. Start-
ing with a set of fluid properties and operating conditions, the droplet size and the
charge to mass ratio could be predicted at once. Given the applied voltage, the flow
rate, and the charge to mass ratio, the thrust and the specific impulse of a particular
emitter could be determined. Although the qualitative model presented above is still
to be justified for the cases of highly viscous fluids (such as glycerol), it does correlate
extremely well with the data obtained for high-conductivity solutions of formamide,
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ethylene glycol, tri-ethylene glycol, octanol, and water with various salts of lithium,
sodium, sulfuric acid and other electrolytes. It was shown that the maximum attain-
able charge to mass ratio for the majority of these fluids was limited by the onset
of the minimum flow rate (complete ion extraction) to values not exceeding 10,000
C/kg.
Additional experiments with highly conductive solutions of formamide, however,
have shown that under certain conditions, with flow rates just above the minimum,
the extracted current greatly exceeded that predicted by Eqn. 5.38 and was very
sensitive to the flow rate. This phenomenon was later attributed to the emission of
ions directly from the surface of the meniscus near the tip as observed in numerous
experiments by Gamero [17). It was determined that at low flow rates the normal
field at the tip could reach sufficient magnitudes to initiate field ionization. This
process may be of significance from the propulsion standpoint, since pure ions have
much larger charge to mass ratio than what can be practically attained with droplets
alone. Hence, operation with ions and droplets simultaneously may lower the overall
voltage requirements and still produce the desired specific impulse.
The problem of ion evaporation was first studied by Iribarne and Thomson [40]
and was treated as a kinetic process in which an escaping ion would have to overcome
a potential barrier A so that the current density of ions can be written as:
kT A
h = e kk (5.62)
where o is the surface charge density. In the absence of the electric field A coincides
with the free energy of solvation for the ion: AG. More generally, however, A is
reduced due to the presence of an external electric field, similar to what is known as
the Schottky effect in the realm of solid state electronics. Including the contribution
due to the image charge, the overall potential barrier that a singly charged ion has
to overcome is given by:
A(y) = AG - eEy - e (5.63)
167rEoy
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where y is the distance form the surface. The peak of the potential <0(y) occurs at:
/ e~ 1/2
Ymax =(lCE) (5.64)167eoE
with the peak value modified from that in the absence of the field by the so-called
Schottky hump:
A = AG - (3E)/ 2  (5.65)
47reo
It can be inferred from Eqn. 5.62, that in order to initiate ion emission A must be
small, so that:
AG ( e3E 1/2 (5.66)
(47rEo
or solving for the critical electric field:
47reoAG 2Ecr ~ 3 (5.67)
The experimentally measured values of solvation energy AG for a variety of ions
solvated in ethylene glycol and formamide are on the order of 1-2 eV. From Eqn. 5.67
the corresponding values of the external field required to initiate ion emission range
anywhere between 1-2 V/nm. Extensive experimental measurements by Loscertales
and de la Mora [29], and later by Gamero [17] indicate that the minimum required
field for ion emission for nearly all fluid/ion combinations utilized in the experiments
was on the order of 1.1-1.2 V/nm.
It can be readily seen from Eqn. 5.62 that the emitted current is very sensitive to
the applied electric field, so that once the critical field is reached, the ion current will
almost invariably dominate over the jet current. It can also be seen that since the
electric field at the tip is a function of the local radius and the jet size is determined
by the supplied flow rate (Eqn. 5.48), the resultant ion current can be controlled by
proper adjustments of the flow rate alone. Assuming that the majority of the ions are
emitted in the vicinity of the neck at r ~~ 3Rj (where Rj is the jet radius) and using
the empirical correlation for jet radius, Rj - 0.2r* together with Eqns. 5.16 and
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5.48 and solving for the flow rate in terms of the critical field Ec, yields the following
expression:
r (3-' cot a) 3 K _ (3? cot a)3 AoC (5.68)Qc,~ ee" E6, 4c E6r5.8
EC irCE E
The corresponding charge to mass ratio of the droplets at Q = Qc, is then given by:
q f (E) e2 3 Ec3(.9
mn c, p (3-y coto a)3/2
It should be noted that Qcr depends only on the fluid properties and, as will be seen
shortly, numerically corresponds to extremely low values of the flow rate. Thus, for
some fluid combinations the onset of the minimum flow rate can occur before Qcr
and the regime in which ions are emitted can never be reached. Hence, for ions to be
emitted the critical flow rate has to be greater than the minimum:
Qcr > Qmin (5.70)
or, using Eqns. 5.53 and 5.68:
(3y cot a) 3 K - Aof (C) 2
CEO Ec, eK 1000eNA
Solving for the electrical conductivity in terms of the remaining fluid properties yields:
Aof (c) 
_ Es__
K > 10OOeNA) 7(3 cot a) 3/2  (5.72)
Since electrical conductivity is proportional to the concentration of ions, Eqn. 5.72
can be rewritten as follows:
C > f or(5.73)C 10OOeNA -y(3cotca)3/2
Eqn. 5.73 indicates that only solutions with sufficiently high concentration of disso-
ciated ions (high solubility) will develop a strong enough field at the tip to extract
ions by field ionization. It also indicates that neither the mobility nor electrical con-
109
ductivity affect the onset of ion emission. Just for the purposes of illustration, for
formamide with f(c) = 25, c = 100, Ao = 15 (Si/m)(1/mole), -y = 0.059 N/m the
minimum conductivity for which ion emission is possible is on the order of 1.2 Si/m.
The charge to mass ratio on each droplet for the same fluid combination evaluated
at Q = Qc, (see Eqn. 5.69) is on the order of 7,000 C/kg. It should be noted that
because of the strong dependence of K on the critical field Ec, and on the character-
istic dimension of the neck where ion emission takes place, Eqns. 5.72-5.73 are only
intended to provide a rough indication of the ranges of conductivities for which ion
emission is possible. Although no quantitative correlations of ion emission with con-
ductivity were reported, it was experimentally observed by Loscertales [29], Gamero
[17], and Perel [11] that, indeed, only high-concentration (high conductivity or low
mobility) solutions were capable of producing ions.
Eqn. 5.72 demonstrates another important point. The threshold value of the
electrical conductivity for which ion emission occurs is proportional to the ion mobility
AO which was shown to vary inversely with fluid's viscosity. Thus, the threshold values
of K for more viscous solutions would generally be lower than those for less viscous
solutions, explaining the anomalous emission of ions observed in the experiments
by Perel et al [11], [12], [13]. It can be concluded from Eqns. 5.53 and 5.68 that
for any solution with a fixed ion concentration, Qmin and Qc, are both proportional
to AO, hence both flow rates will decrease with increasing viscosity (or decreasing
temperature) in proportion. The process of ion emission is schematically illustrated
in Fig. 5-4 for a given solution with fixed fluid properties. The dashed curve shows
the nominal dependence of the current vs. flow rate (Eqn. 5.36) in the absence of
any ion emission. At the onset of the critical flow rate the current is observed to
exponentially rise. The maximum current for a given flow rate and the corresponding
minimum flow rate are shown as well. Note that we have assumed Qc > Qmin.
5.4.1 Mixed-regime operation
As analyzed in [36] and demonstrated in the previous section, high-concentration
solutions operated at sufficiently low flow rates (Q Qcr) are capable of producing
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Figure 5-4: Onset of ion emission (dashed line indicates the current obtained in the
absence of ion emission)
ions by field ionization extracted directly from the surface of the meniscus. The
purpose of this section it to present a quantitative model of the so-called mixed-
regime mode of operation in which both the droplets and the ions are produced
simultaneously. The goal is to predict the performance of such an emitter and to
point out its limitations. It should be noted that although droplets and ions have
been experimentally observed to co-exist, the effect of ion emission on the production
of droplets is not well understood. It is, therefore, assumed throughout the discussion
that ions and droplets form independently and that excessive ion current does not
influence the generation of droplets. It is further assumed that since the ion current
is extremely sensitive to the flow rate (see Fig. 5-4), any desirable fraction of the ion
current can be obtained at a nearly constant flow rate Q ~ Q,.
The ability to produce ions with extremely high charge to mass ratio together
with droplets has an advantage of increasing the mean specific impulse of the device
while still maintaining a sufficiently low operating voltage. As a result, particles
with two very different values of the charge to mass ratio are accelerated through the
same potential and, thus, attain very different exhaust speeds. Just as it is the case
with any other propulsion device which produces species traveling at different speeds,
such an arrangement is energetically suboptimal. This is because proportionally more
energy is spent accelerating the faster particles than the extra thrust derived from
them. The analysis of polydispersity and its effects on the efficiency of electro-spray
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emitters has been originally performed by Hunter [41]. Some of the major results
which are useful for estimating the performance of cone-jet emitters in a mixed-regime
mode are discussed below in some detail.
The propulsive efficiency can be written in terms of the thrust F, flow rate rh,
and the input power P as follows:
F 2
2rhP (5.74)
The mass flow rate contains contributions from both the ions and the droplets:
m = mi + nld
The exhaust speeds of the two species are respectively given by:
ci = 2 V
Cd = 2 )V
Thus, the total thrust can be expressed in terms of these quantities as follows:
F=h 2(m i +rnd 2 )V
Since (q/m)i = Ii/rhi and (q/m)d = Id/md, the corresponding mass flow rates can be
expressed in terms of the respective currents:
h= Ii
nd = d (
\q
(5.79)
(5.80)
112
(5.75)
(5.76)
(5.77)
(5.78)
Now using the following definitions:
I- Ii#2= -# =- A = d (5.81)I qI
and substituting Eqns. 5.78-5.81 into Eqn. 5.74 results in the following expression
for the efficiency:
(1 - (1 - (5.82)
_ =I _ V A) 3) (5 .8 2 )1 - (1 - A)3i
The value of A in Eqn. 5.82 is generally prescribed by the specific fluid solutions and
the types of ions which are extracted by field ionization. The ion current fraction #i,
however, can be controlled by minute adjustments of the flow rate about Qcr. It is
apparent from Eqn. 5.82 that the efficiency approaches unity in two extreme cases:
when only droplets (0i = 0) or only ions (3i = 1) are extracted. For 0 < /i < 1 the
efficiency T1 is smaller than unity and has a minimum at:
1
#3i =(5.83)1 + VA
corresponding to the minimum efficiency of
4V)
rmin = (5.84)
(1 + \)2
The minimum efficiency is equal to unity for a monodisperse case (A = 1) and is re-
duced to zero when A << 1 or A >> 1. It is clear then, that in order to maintain high
efficiencies, the polydispersity ratio A can not be arbitrarily small. Since the charge
to mass ratio of the droplets near Qc, is fixed by the fluid properties (see Eqn. 5.68),
the only way to minimize polydispersity is to extract sufficiently large ions which
have correspondingly smaller values of (q/m). Just for the purposes of illustration,
suppose that large singly-charged tetra-heptyl ammonium ions are extracted from a
formamide solution. The molecular weight of such ions is 410 g/mole and their charge
to mass ratio is on the order of 230,000 C/kg. Using a conservative estimate for the
droplet charge to mass ratio of 6,000 C/kg at Qc,, the resultant A is equal to 0.026.
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Figure 5-5: Mixed-regime scenario
For this value of A, the minimum expected efficiency (Eqn. 5.84) is on the order of
48%. It is now possible to compute the mean specific impulse which is given by:
F
Isp = (5.85)
Substituting Eqns. 5.78-5.80 into Eqn. 5.85 yields the following expression for the
specific impulse:
1 V q 1-(1 - vA)#3iI',= - 2V (5.86)
g 'rrt)d11 - (1 - A)#i
Fig. 5-5 shows the efficiency as a function of Ip plotted parametrically as a function
of the current fraction 3i for a set of applied voltages ranging between 2 and 10 kV.
The minimum value of the efficiency is independent of the voltage and, as previously
demonstrated, is approximately equal to 48%. For any given voltage, there are two
distinct values of the specific impulse for which the resultant efficiency is the same.
If the intended application is not propulsion-intensive and lower values of specific im-
pulse can be tolerated, efficient operation can be achieved to the left of the minimum,
where the majority of the extracted particles are droplets. However, for high AV ap-
plications which optimize at substantially larger values of I,, efficient operation can
only be achieved to the right of the minimum, in the regime for which the majority
of the exhaust is ions.
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Chapter 6
Creeping Flow Model for a Conical
Meniscus
6.1 Introduction
A conducting fluid supplied to the tip of a capillary of a colloidal emitter is believed to
be transported downstream by means of an electrostatic shear stress tangential to the
conical surface. This electrostatic pull is created by the tangential component of an
internal electric field acting on the ions which reside on the conical surface. Because
of the fluid's viscosity, the shear stress propagates to the internal layers of the fluid
creating a recirculating flow pattern symmetric with respect to the cone axis. Since
the transfer of charge is dominated by convection near the tip, further modeling of
charge transport and internal electrostatics requires the knowledge of fluid velocity.
In addition, since the flow profile within the conical meniscus may be affected by the
fluid's viscosity, understanding its effects on the fluid flow near the tip would provide
some guidelines as to the relative importance of viscosity in the regime envisioned for
propulsion applications.
As suggested earlier, the desired regime of operation for a cone-jet emitter is the
one in which droplets attain maximum possible values of q/m. It was also shown
that under such conditions, the emitter was operated near its minimum flow rate
producing droplets several tens of nanometers in diameter. It can be easily shown
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that in most such cases the Reynolds number will not exceed unity. For a conical
flow the local Reynolds number can be written as:
Re = pv2r (6.1)
P
where r is the local cone radius, v is the flow velocity, and p is the viscosity. Using
v = Q/7rr2 from continuity (to be justified later in this Chapter) the Reynolds number
can be written as:
Re =2pQ (6.2)
7rpr
The Reynolds number increases towards the tip and, for a given flow rate, it is the
largest near the tip where r ~ r*. Evaluating Eqn. 6.2 at r = r* (from Eqn. 5.34)
and expressing the flow rate as a fraction of the minimum flow rate Qmin (from Eqn.
5.46) the worst-case Reynolds number can be written as follows:
2 pe/2\ 1 /3 /__Re = r p )1/mi 4 (6.3)
rpt K 1 Qm in
Using typical values for formamide: p - 4 x 10-3 Pa - s, p = 1, 000 kg/rm3, K = 1
Si/m, -y = 0.05 N/m and rmin ~ 0.5 the Reynolds number is of the order of:
Re ~ 0.08 (QQ) 2/3 (6.4)
Since operation near Q = Qmin is desired, the Reynolds number is of the order of 0.08.
Even at much higher flow rates (Q - 10Q m in) the Reynolds number is approximately
0.37, still below unity. Moreover, it was shown in Chapter 5 that the electrical
conductivity K and rqmin are both proportional to the ion mobility Ao (see Eqn. 5.55)
which scales inversely with the fluid's viscosity p. Hence, the maximum value of the
Reynolds number based on the jet diameter at the minimum flow rate scales as 1/p2
and, thus, is even smaller for more viscous solutions.
At low Reynolds numbers it is possible to formulate the flow problem within
the cone utilizing the Stokes approximation in which all of the convective inertia
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components are considered small in comparison with viscous forces and can be ignored
for the purposes of computation. This approximation eliminates the non-linear terms
in the Navier-Stockes equation and makes the problem analytically more tractable.
6.2 Model Formulation
The complete solution to the flow problem with arbitrary geometry requires the knowl-
edge of the stress components on the free surface and, therefore, demands coupling
with both internal and external electrostatics. Determination of internal and exter-
nal fields is, in itself, a non-trivial problem and is addressed separately in the next
chapter. Without any loss of generality, in order to avoid separate computations of
the electric field, a conical surface boundary with a semi-cone angle equal to that of a
Taylor's cone will be prescribed a priori. Although for a given electrode configuration
and applied voltage the shape of the meniscus is truly conical only for a single value
of the internal pressure, it has been experimentally demonstrated (Refs. [15] [16])
that in the regime of interest the free surface does not significantly deviate from that
of a cone and, for the purposes of flow analysis, can be well approximated as such.
Anticipating the outcome of this analysis, it should be noted that the shear flow
which produces a symmetric recirculating pattern carries zero net flow rate across
the cross section of the cone. Due to the linearity of the problem, however, any
other flow which satisfies continuity and contributes zero shear at the surface can be
superimposed on top of the viscous flow solution to allow for a non-zero flow rate.
In order to incorporate the finite flow rate passing through the cross section of the
cone, a 3-dimensional sink flow will be added to the viscous solution. The problem is
formulated in spherical coordinates with the origin placed at the apex of the cone as
shown in the accompanying Figure 6-1. The problem is fully specified by imposing
the continuity and the momentum equations:
V - = 0 (6.5)
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Figure 6-1: Coordinate definitions
at +1
+(-.V)6= -Vp +vV 2 6+ f
at p (6.6)
Neglecting all of the time dependent and convective accelerations, the Navier-Stokes
equation becomes:
Vp = [pV 2 , (6.7)
Letting W' = V x V' and taking the curl of both sides of Eqn.
equation reduces to:
V x (Vp) = tV 2 i= 0
6.7, the momentum
(6.8)
Due to the axial symmetry of this problem, of the three components of ', only the
azimuthal component - wg is non-zero. Rewriting Eqn. 6.8 in spherical coordinates
with w,. = wo = 0 gives:
r2 sin2 (6.9)
or alternatively:
1 a (r2 aw)
r2 Or Or
1 a aw4
+ In a9(sin aO)
r 2 sin2 0 (go 86
- =
2  
- 0
r2 sin2
Using separation of variables by introducing the radial and the angular components
of we, such that:
wo = R(r)0(6) (6.11)
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(6.10)
Eqn. 6.10 can be rewritten separately for R(r) and 8(0) as follows:
r2i+ ± 2rR - K 2R 0 (6.12)
5 + ecoto + (K 2 - 1 ) 0 (6.13)
sin2 ) 0
where K is an arbitrary separation constant. Eqn. 6.12 is known as Euler's equation
whose general solution is of the form:
R(r) = CorP (6.14)
while Eqn. 6.13 is a Legendre equation whose general solution can be expressed in
terms of Legendre polynomials of order 1 and -1 as follows:
9(0) = C1P,!(cos 0) + C2P 1 (cos 0) (6.15)
where v 2 + v - K 2 = 0. Substituting Eqn. 6.14 into Eqn. 6.12 gives p2 +p - K 2 = 0,
hence p = v. Using the recursion formulas to express Legendre polynomials of order
1 and -1 in terms of the appropriate polynomials of order 0 yields:
()(0) = ~ C1OS 0P, - PV- } + C2{ }VI-P- (6.16)
sin 0 sin 0
The complete solution for wo(r, 0) is obtained by combining the radial and the tan-
gential functions:
w0(r, )=ErP(A{ cos "P ~ }+B{ P"±i " j }) (6.17)
sin 0 sin 0
The unknown constants A, B, and p can be determined by imposing the necessary
stress boundary conditions. The tangential component of the electrostatic stress
tensor at the surface of the cone (0 = 00) is given by:
0-ro = EoEnEt (6.18)
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where E, is the electric field normal to the surface (see Sec. 5.3.1) and is given by
(assuming Ap = 0, as will be explained shortly):
En= 27cotO0o (6.19)
and Et is the tangential electric field created within the fluid due to its finite electrical
conductivity and is given by the Ohm's law:
Et = - (6.20)
27r(1 - cos o)K -T2
where Ic is the conduction current and K is the electrical conductivity of the fluid.
Conduction current dominates upstream of the tip and is assumed to be constant
throughout the cone. Combining Eqns. 6.18, 6.19, and 6.20 results in the following
expression for the shear stress:
/oycot Oo I, 1 A
0-rO - -
--
________________ = -- (6212 7r(1 - cos 60)K r 5/ 2  r/2 (6.21)
The shear stress orO expressed in spherical coordinates in terms of the velocity com-
ponents v, and vo is given by:
(1 &v, &v9  v9
oro = p1 + -- I (6.22)
r 96 Or r
Evaluating the stress at the surface by imposing vg = 0 at 0 = 0, and combining
with Eqn. 6.21 yields:
- - = - - - (6.23)
r 00 r5/2
Luckily, the function wo(r, 0) expressed in spherical coordinates and evaluated at the
surface contains exactly the quantity in Eqn. 6.23:
wo(r, 0) = 1 (rvo) I 1v, - -- 1Vr -- - -A/ (6.24)
r Or r 90 r 90 r 5/ 2
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thus reducing the stress boundary condition in the following simplified form:
A/l= r A{ Cos 00 PV - PV_ 1 + B{ PL P (6.25)
r5/2 sin00 sin 00 (2
Eqn. 6.25 indicates that the boundary condition can be satisfied for one and only one
value of v: v = -5/2, hence the summation in Eqn. 6.25 will contain only one term.
Imposing continuity by rewriting Eqn. 6.8 in spherical coordinates gives:
89V, 2 V, 1 Oo cot 0
+ -+ + vO= 0 (6.26)Or r r O0 r
Since both the continuity and the momentum equations are self-similar in r, the
tangential and the radial velocity components as well as we can all be written as
products of the corresponding functions of 0 with proper dependence on r:
Vr = 3/2 (6.27)
v = g(0) (6.28)
O - rs/2 (6.29)
where
Q(6) = A{ cos O0P-5 / 2 - P- 7/ 2 + B{ -3/2 - P-7/2} (6.30)
sin 00 sin 0(
Substituting Eqns. 6.27-6.29 into Eqns. 6.24 and 6.26 yields two differential equations
for f (0) and g(0):
g(0) Of(0) - Q(O) (6.31)
2 0)
f (0) &g(0)
2 )+ + g(6) cot 0 = 0 (6.32)
These are two coupled ordinary differential equations which can be solved simultane-
ously subject to the following boundary conditions:
g(OO) = 0; g(0) = 0 (6.33)
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Since g(O) is constrained at the two boundary points 0 = (0, 0) and no initial condi-
tions are specified for f(0), an iterative technique is required to obtain such a value
of f(0) to satisfy both terminal conditions on g(0). The numerical procedure used
to solve for g(6) and f(0) is discussed in the following section.
It should be noted that Q(0), the right hand side of Eqn. 6.31, still contains two
yet undetermined constants of integration A, B. The shear stress condition - (Eqn.
6.25), supplies one of the two constraints necessary to determine these constants.
The second condition is obtained by setting the radial component of the pressure
gradient to zero at the surface of the cone. As discussed in Sec. 5.3.1, the simplest
electrostatic solution for which the surface of the fluid is an equipotential, is that of
a cone with a semi-cone angle of 49.290. The surface balance is normally maintained
by a three-way equilibrium of surface tension, electrostatic traction, and the normal
pressure gradient:
AP + " 2cot 0  (6.34)2 r
Since the surface tension and the electrostatic traction both scale inversely with r,
Eqn. 6.34 is satisfied only if AP = 0, hence (Vp), = 0. It should be noted that for
a given voltage, the conical meniscus is experimentally obtained only for a specific
value of the internal pressure; i.e. a non-zero surface curvature may contribute to the
overall surface stress balance, allowing additional freedom in the electrostatic solution
and non-zero pressure variations. This flexibility, although physically more sound, in-
troduces additional complications into the solution and is avoided for the purposes
of this analysis. Such deviations from an ideal conical solution can be included by
numerically solving for the electrostatic stress on the surface and iteratively recon-
structing the surface profile to satisfy the stress balance. The details of this numerical
simulation are discussed in Chapter 7.
Assuming that the pressure gradient in the radial direction vanishes at the surface
of the cone and using the fact that the gradient is proportional to V 2 v, setting (V 2 V),
to zero at the surface would yield the second constraint between A and B. Expressing
the radial component of V 2v in spherical coordinates, substituting Eqns. 6.27-6.29,
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and evaluating the resultant equation at 0 = 00 gives the following relation:
5 Of 8f (0) + cot ±0+ - 2 g 0 (6.35)4 8(00 002 ao 00
Combining Eqns. 6.35 with Eqns. 6.31-6.32 yields the remaining boundary condition:
( ( ) + Q 00)cot 00 = 0 (6.36)
0000
Fortunately, both constraints on A and B (Eqns. 6.36 and 6.25) are decoupled from
the unknown radial velocity component f(60). Therefore, these constraints can be
used independently to obtain constants A and B prior to the integration of Eqns.
6.31-6.32. Having obtained the radial and the tangential velocity components, v, and
vO, for the shear flow, a radial sink profile with an arbitrary net volumetric flow Q:
Vsink = - T(6.37)27r(1 - cos 00)r2r
can be added to account for the flow transport to the tip.
Although the actual numerical results will be discussed in the following section in
some detail, it should be noted that the sink flow scales as 1/r 2 while the recirculating
shear flow scales as 1/r 3/ 2 (Eqns 6.27-6.28). This suggests that sufficiently close to
the tip, for small values of r, sink flow would dominate over the shear flow, and
viscosity would have little or no effect near the tip. One way to verify this claim is to
locate the stagnation point along the cone axis and compare the radius ret at which
the stagnation point occurs to the characteristic jet radius r* observed under similar
conditions.
6.3 Numerical Procedure and Results
The following is an outline of the inputs, the outputs, and the numerical procedure
used to solve for the velocity profile.
Inputs: Flow rate (Q), charge to mass ratio (q/m), viscosity (p), electrical conduc-
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Figure 6-2: Streamline map (horizontal axis is the axis of symmetry, all dimensions
given in meters)
tivity (K), fluid density (p), surface tension coefficient (y).
Outputs: Radial velocity v,(r, 0), tangential velocity vo(r, 0)
Numerical procedure:
1. Compute A/p (Eqn. 6.21); solve for A and B (Eqns. 6.25, 6.36)
2. Assume g(0)=0; guess f(0); integrate Eqns. 6.31-6.32
3. Goto step (2); iterate on f(0) until g(0o) = 0
4. Compute v, and vo (Eqns. 6.27-6.28)
A typical streamline map for (q/m) of 5, 000 C/kg and a flow rate of 10-14 m 3 /s
in formamide with an electrical conductivity of 1 Si/m is shown in Figure 6-2. The
stagnation point can be clearly seen on the axis of the cone near z ~ 10-6 m. A similar
analysis detailed in Ref. [35] for these conditions gives zst ~ 8 x 10-7 m - in good
agreement with the results of the current model. For comparison, the characteristic
jet size r* for these operating conditions is of the order of 2 x 10-8 m, just under
two orders of magnitude in radial distance downstream of the stagnation point. This
result validates the claim that the viscous shear flow does not influence the region near
the tip and shows that viscosity is not a major player in the mechanisms responsible
for the formation of the jet. What is left to show is that the result of this specific case
can be generalized to other regimes, proving that viscosity has little or no influence
over a wide range of operating conditions.
A simple scaling argument can be used to deduce the dependence of zst on the
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fluid properties and other operating parameters, such as the current and the flow rate.
It was shown in the previous section that the tangential stress at the surface creates a
recirculating shear flow according to Eqn. 6.23. The partial derivative &v,/0 scales
as Vr/Oo, hence the backward radial velocity due to the shear stress scales as:
Vr ~ (6.38)
pr3/2
The stagnation point occurs when the radial velocity due to the recirculating shear
flow becomes on the order of the sink flow velocity:
A - (6.39)
prs/2  r 2
Substituting for A, solving for the characteristic radius r = zst, and identifying I/pQ
as q/m gives:
zst ~ - 2 -- 1 (6.40)( p co-y (q/m)2
This result indicates that the location of the stagnation point is not dictated by the
flow rate alone, but instead scales inversely with the square of the ratio of the current
to the flow rate. The importance of the shear flow in the vicinity of the jet can be
analyzed by determining the relative location of the stagnation point with respect to
the characteristic jet dimension r*, i.e. the ratio of zat to r*. Since the droplet size
is of the same order as the jet size, the Rayleigh limit for a droplet can be used to
express the characteristic jet dimension r* in terms of q/m. Substituting Eqn. 5.39
into Eqn. 6.40 the ratio zt/r* can be written as:
-st- Ii) / (6.41)
r* (peo-y) 4/3(q/m)4/3
Using numerical values for a typical formamide solution: p ~10-3 Pa-s, K = 1 Si/m,
y = 0.05 N/m, p = 1, 100 kg/rm3 and q/m - 5,000 C/kg the ratio of zt to r* is on
the order of 30. Since the value of the charge to mass ratio used in this example is
representative of an upper limit of the achievable values of q/m, any lower value of
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this ratio for a given electrolyte concentration would result in the stagnation point
located further upstream and, hence, further away from the neck. Moreover, it was
shown in Sec. 5.3.4 that the electrical conductivity of the solution is proportional
to the ion mobility Ao which scales inversely with viscosity. Since the ratio of zt to
r* in Eqn. 6.41 contains the product pK and (q/m)max is independent of viscosity,
the relative location of the stagnation point with respect to the neck is independent
of viscosity. It is, therefore, safe to assume that under most conditions that may
be encountered in the operation of cone-jet emitters, viscous shear flow would have
negligible contribution to the local flow pattern and, thus, would have minimal impact
on the formation of the jet and production of charged droplets.
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Chapter 7
Electro-Hydrodynamic Model of a
Cone-jet Emitter
7.1 Introduction and Literature Survey
The problem of electro-spray physics has been addressed by a number of researchers
in the past. Since the use of inorganic electrolyte solutions for propulsion applications
was not favored up until recently, most of the prior analytical work in the field was
concentrated primarily on the modeling of liquid-metal ion sources. Because of the
inevitable coupling of electrostatics with fluid and charge transport processes, all of
which control the performance of electro-spray emitters, the enormous complexity
of the problem hindered any attempt to develop a complete electrohydrodynamic
solution. The existing body of literature addressing the various aspects of ion emitter
physics is quite extensive and can not all be cited here. However, a brief survey of
the research activities in the area of electro-spray science, emphasizing some of the
more successful modeling attempts will be included here for completeness.
Reference [42], for instance, contains a linearized analysis of a nearly conical menis-
cus, in which the time-dependent fluid equations and the known conical electrostatic
solution are both linearized with respect to a small perturbation of the surface from
that of an ideal cone. The stability condition for a first-order deformation was derived
for various operating conditions indicating the proper time dependence of the angular
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perturbation to ensure stability. In addition, a first-order perturbation in the shape
if the meniscus was obtained as a function of the applied pressure gradient. Another
model is presented in Ref. [43], where a specific analytical shape is prescribed para-
metrically, and then consistently optimized to satisfy the stress boundary condition
at the surface. As a result, an approximate fluid shape was obtained and shown to
be consistent with the predictions from other analyses. The main emphasis of this
model was on the physics of liquid metal ion sources, hence any finite conductivity
effects were ignored assuming a rounded hemispherical meniscus in place of a jet. A
numerical model based on the boundary element technique is presented in Ref. [44] in
which an external electrostatics solution is obtained for a prescribed electrode/fluid
geometry. This model, too utilizes a hemispherical cap at the tip of the meniscus
to avoid a numerical singularity. Ref. [45] presents a similar but less restrictive nu-
merical solution to the external electrostatics assuming no fluid flow and using the
boundary element method. The fluid surface was assumed to be equipotential and the
properly constrained shape of the meniscus was determined as part of the solution by
systematically enforcing the stress balance. Singularity near the tip was removed by
replacing the terminal panel with a 49.3-degree cone for which the electric potential
has a well-known analytical solution. Although the effects of inertia and the internal
normal and tangential fields on the stress balance were ignored, the resultant fluid
shapes were found to be consistent with the known experimental observations. Ref.
[46] presents an asymptotic cone-jet solution for an infinitely long and thin jet. Ex-
pressions for the electric current, shape, and charge distribution are obtained in terms
of the liquid properties and other operating parameters. This model too assumes the
surface of the cone to be equipotential. Ref. [47] contains a quasi-one dimensional
formulation for a capillary jet in the limit when charge relaxation effects can be ig-
nored. The model predicts the existence of a convectively unstable region along the
jet beyond which the current is independent of the downstream conditions. By far
the most sophisticated treatment of the problem is presented in Ref. [35], in which
asymptotic solutions of the fluid and electrostatic equations are developed for both
the conical meniscus and the jet including fluid inertia and viscosity. Unlike other
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similar models, this work also analyzes the contributions from both the external and
internal electric fields to the overall stress balance and includes the effects of internal
pressure. A number of other attempts have been made to develop analytical, semi-
analytical, or fully numerical models addressing one or more aspects of this complex
problem (see Refs. [48] [49] [9] [27] [50] [51] [52] [53] [54]).
Although some of the models do incorporate specific mechanisms which, one way
or another, determine the operation of a cone-jet, most fail to include a complete
set of the mechanisms responsible for the charge and fluid transport. Some make
simplifying assumptions which invalidate these solutions in the regimes of interest,
others artificially avoid singularities near the tip, thus failing to predict necking and
formation of the charged jet. Since the primary objective in the development of
a feasible design suitable for propulsion applications is to model the mechanisms
ultimately linked to the production and acceleration of charged droplets, a novel
approach is needed.
7.2 Model description and assumptions
The purpose of this work is to exploit some of the existing modeling ideas to develop a
numerical algorithm capable of predicting the formation of the jet. The benefit of such
a numerical approach is the added flexibility that it offers in changing the operating
conditions, fluid properties, and electrode configurations to suit a specific application.
As part of the model, an attempt was made to predict the resulting meniscus shape
and the charge to mass ratio - a quantity directly linked to the specific impulse of
the device. The following mechanisms were included in the model: a) a full solution
to external electrostatics, i.e. charge density for the electrode-needle configuration
and fluid meniscus; b) stress balance at the fluid interface: including surface tension,
electrostatic traction, inertia, and pressure differential; c) computation of the internal
normal field; d) computation of conductive and convective currents; e) computation
of the internal tangential field; f) computation of the voltage drop along the fluid
interface; g) model of the jet including surface tension, electrostatic traction and
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inertia.
For simplicity, all computations except for external electrostatics were kept in the
realm of ordinary differential equations. Some of the simplifying assumptions used in
the model to make it more tractable are discussed below.
- As shown in Chapter 6, sufficiently close to the tip, fluid velocity is dominated
by the sink flow, therefore, convective current near the tip is adequately modeled
even if the shear flow is ignored. Since the sum of the convective and the conductive
currents remains constant through any cross section of the meniscus, the total current
is completely determined by the convective component alone if taken sufficiently close
to the tip. Thus, an exact viscous flow solution is not needed in predicting the
overall current and can be well approximated as a sink flow throughout the meniscus.
Moreover, it should be noted, that the shear flow solution discussed in Chapter 6 is
only applicable to an ideal conical surface subject to a prescribed shear stress which
was shown to vary as 1/r/ 2 for the case of an ideal cone. Since in most cases the
surface will not necessarily be conical and the surface stress will not scale as 1/r/ 2 ,
the flow solution developed in Chapter 6 is not generally applicable to cases with
arbitrary geometry.
- Determination of the external electric fields involves the solution of a boundary
value problem with prescribed voltages on the fixed electrodes and the iteratively
obtained fluid surface. Since it is the surface field which creates traction to balance the
surface tension and the pressure gradient and which ultimately determines the shape
of the meniscus, complete solution of the Laplace's equation on a grid spanning the
whole external region is not economical from the computational standpoint. Instead,
a boundary element technique similar to the one discussed in Ref. [45] will be used
to compute charge densities on the boundary surfaces of interest.
- It is assumed that the current density which determines the conduction current
is uniform throughout any cross section of the meniscus.
- In order to reduce the computational load involved in the grid generation and
solution for external electrostatics, the model was developed to handle only cylin-
drically symmetric geometries. The main disadvantage of this approach is that it
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Figure 7-1: Computational domain (assuming cylindrical symmetry)
precludes one from predicting and performing the analysis of asymmetric multi-cone
configurations.
7.3 External electrostatics model
A standard boundary element scheme is used to determine the charge density on the
boundary surfaces of the electrodes and the fluid interface. The computational domain
includes a thin capillary which delivers the fluid to the tip, a ground electrode, and
the fluid meniscus as shown in Fig. 7-1. The boundary is subdivided into a number
of panels each with a prescribed value of the electric potential. Each panel is also
assigned an unknown value of the charge density which is subsequently determined
as part of the solution. Due to the cylindrical symmetry of the problem, all of
the panels are shaped as horizontal strips in the plane perpendicular to the axis of
symmetry. Contributions to the potential from each panel are evaluated along all
of the remaining strips and assembled into a linear matrix equation which is then
solved for the unknown charge densities. The benefit of this approach is that it
eliminates the need for any computations to be performed in the region between the
capillary and the electrode and, as a result, offers great savings in computational
time in comparison to the alternative finite element or finite difference schemes. In
addition, this method is readily adaptable to varying geometries, while other methods
would require re-generation of two-dimensional grids at every step of the iteration.
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Figure 7-2: Coordinate definition
The coordinate system used in the formulation of the problem is shown in Fig. 7-2.
The contribution to the potential at point (Xi, yi, zi) due to an element with charge
dq located at point (xj, yj, zj) is given by:
dqdoijy = (7.1)
47rov(xi - xj) 2 + (y, - y3) 2 + (z, - z()2
Since the electric potential will be constant along each of the panels due to the
axial symmetry, the azimuthal coordinate of the reference point (xi, yi) is arbitrary.
Assuming the strips to have radii ri and rj respectively, the charge dq can be expressed
in terms of the local charge density o-3 and the arclength dsj as ojdsjrdO. Assuming
the reference to be on the x-axis, the expression for the electric potential due to each
panel becomes:
d@1j= UdsjrjdO (7.2)
47reo V(ri - rj cos 9) 2 + (rj sino) 2 + (z, - z3 )2
Combining all of the constant terms and using the following definitions:
a=r + r+(zi- z)(7.3)
b = 2rirj (7.4)
2b
m = 2(7.5)
a + b
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Figure 7-3: Computational grid
Eqn. 7.2 can be integrated around each panel producing the following expression for
the potential #i,:
o-dsjr1 2  r dO
#i - Lr-(7-6)4,reo o 1- cos 0V a
Rewriting Eqn. 7.6 in terms of the elliptic function of the first kind K(m), the final
expression for #i,j becomes:
a- ds r - 4#i dsgr = K(m) (7.7)
OJ 47reo v/a + bK(7)
Summing up all of the contributions to the potential from the n elements at the
location of the ith panel yields an n x n system which can then be inverted and
solved for o-:
#i = Czsog (7.8)
where
C= dsr 4 K(m) i 4 j (7.9)47rEo va +b
Due to the non-uniformity of the grid, each panel segment is centered about its
nominal position (rj, zj) and then split into two pieces as shown in Fig. 7-3: a right-
handed and a left-handed arc whose lengths are respectively given by:
ds- = /( ) + z -2z (7.10)
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ds+ = +- r 2 (z_+1 2 - z) 2  (7.11)
The corresponding values of parameters a and b are evaluated at the center of each
segment:
a = r + ( + (z -z (7.12)
a+ =r +(r + (zf-z) (7.13)
b- = 2rir. (7.14)
b+ = 2rirj (7.15)
where the center coordinates of the left-hand and the right-hand segments respectively
are given by:
P- : (ri- r - z) (7.16)
P+ : (rj + +4- 1 ,zj + z+4- z(7-17)
In terms of these quantities, the off-diagonal influence coefficients Cij can be expressed
as:
Cr = i( dsl rI K(m-)+ dstr± K(m+) i (7.18)
?rEo Va-7+ b- Va+ + b+
Due to the lack of precision, the diagonal coefficients Ci may not be evaluated using
Eqn. 7.18 since both m+ and m- approach unity as the grid size is reduced. As K(m)
diverges when its argument approaches unity, the diagonal elements need special
consideration. Although asymptotic expressions for K(m) do exist in the limit in
which m -+ 1, the limiting behavior fails near the tip when r' + r. becomes of the
same order as (zi - zj) 2 and, hence, the limiting condition for 2b/(a + b) to approach
unity is no longer satisfied.
Numerical evaluation of the self-contribution coefficients eliminates this difficulty.
Splitting the panel into two segments as before, the contribution due to each seg-
ment at the point (ri, zi) can be evaluated by integrating the expression in Eqn. 7.9
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Figure 7-4: Surface field configuration
assuming locally linear interpolations for both r(s') and z(s'):
f- ds'r(s) 4 4r 0  a s+ds ds'r(s') K(m(s'))
s re a() + b(s') 4re a(s') + b(s')
(7.19)
At each step of the iteration, after the geometry of the boundary surfaces had been
updated, the influence coefficients are re-evaluated and the new surface charge den-
sities are obtained.
7.4 Electrohydrodynamics at the fluid interface
7.4.1 Surface electrostatics
This section presents the analysis and discussion of the relevant equations for the
components of the electric field, the stress tensor at the fluid interface, as well as
the equations governing both the conductive and convective charge transport. Fig-
ure 7-4 shows the generic configuration of the electric fields at the surface and the
corresponding notation utilized for the remainder of this chapter. Due to the finite
electrical conductivity of the fluid, the tangential component of the electric field will,
in general, be non-zero creating a voltage drop downstream of the capillary. This
voltage drop, once computed, can be incorporated into Eqn. 7.8 to iteratively yield
a self-consistent electrostatic solution. Since the internal fields within the conical
meniscus are generally smaller in magnitude than the normal external fields, the elec-
tric potential should not vary significantly over the cross-section of the meniscus. The
tangential field, therefore, can be approximated as being uniform across any plane
perpendicular to the axis of symmetry. It should be noted that since the accounting
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of the total current is performed at the tip of the jet, where convective current is
the dominant contributor, any such approximation in the computation throughout
the bulk of the fluid would have little effect on the estimate of the convective current
near the tip. Moreover, since the magnitude of the tangential electric field is gener-
ally small within the bulk of the fluid, adapting such an approximation should not
dramatically impact the stress balance.
Using a pill-box shown in Fig. 7-4 and applying Gauss's law across the fluid
boundary results in the following expression relating the internal and the external
fields to the local charge density:
Co = (E - eEi) (7.20)
Taking the downstream direction to be positive, the gradient of the electric potential
along the boundary can be related to the tangential electric field:
d = -Et (7.21)
ds
An additional relationship can be found between the internal normal field E' and
the tangential field Et by applying current conservation for a cylindrically symmetric
section positioned internally with respect to the meniscus surface as shown in Fig.
7-5. The expressions for the convective and the conductive components of the current
are given by:
Icond = Kirr2Et (7.22)
Iconv= 27rvo- (7.23)
where v is the fluid velocity at the surface and K is the electrical conductivity. Since
the sum of the two currents must remain constant along the surface of the meniscus,
so that:
d
- [Icond + Iconv] = 0 (7.24)ds
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Figure 7-5: Internal field configuration
or, substituting Eqns. 7.22-7.23 into Eqn. 7.24:
dE_ dr 2 d
r d + 2E--+ 2 [rva] = 0 (7.25)ds ds rKds
Using Ohm's law at the outer surface of the fluid element to relate the internal normal
field E, to the rate at which the charge arrives at the fluid surface yields:
E i d rvu] (7.26)
n r K ds
Equations 7.20, 7.21, 7.22-7.24, and 7.26 together with the solution for the charge
density obtained by inverting the matrix equation 7.8 form a complete set of relations
necessary to solve for the fields and the currents given a prescribed profile of the fluid
meniscus r(z). The fluid profile is obtained independently by imposing the stress
balance at the surface. It should be noted that the value of the total current is
initially indeterminate and must come out as part of the solution.
Both the normal and the tangential components of the electric field interact with
the charge collected at the surface and produce electrostatic traction which must be
in balance with the surface tension and the pressure differential. In order to obtain
an expression for the stress tensor, it is first necessary to determine the relationship
between the external and internal tangential fields. Since V x E must equal zero in
a static situation, the line integral of the electric field around any closed path must
vanish. Considering a closed path, such as the one shown in Fig. 7-4, it is readily seen
that the tangential electric field Et must remain constant across the interface. The
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Figure 7-6: Force diagram
surface stress components can now be obtained from the divergence of the Maxwell
stress tensor given by:
fJ = [EDk] - [E - D] (7.27)
aXk 2 Dxj
Using the divergence theorem to rewrite Eqn. 7.27 in the integral form and evaluating
the tensor on the two faces of the surface element in Fig. 7-4 yields the following
expressions for the normal and the shear stress components:
P"P P =eo[Eo2 - -E2 (1 - E)Et2] (7.28)
Pt - Pt Pt = coEt[Eo - EEi (7.29)
The coupling of the fluid equations together with the electrostatic stresses at the
surface is addressed in the following section.
7.4.2 Stress and momentum balance
Each section of the fluid meniscus is subject to the electrostatic normal and tangential
stresses, pressure differential, and surface tension all of which must be in balance and
must satisfy equilibrium in the steady state. A diagram showing all of the forces
acting on a fluid section of radius r and height dz is shown in Fig. 7-6. The positive
z-axis is pointing in the direction of the tip, even though in order to maintain a
consistent sign convention the normally negative slope of the generatrix has been
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chosen to be positive in that direction. The force balance will be considered in the
axial direction first. Then, a local pressure equilibrium will be enforced for each
surface element along the circumference of the section. The surface tension force
T acts along the perimeter of the volume element in the direction which is locally
tangent to the surface. The net contribution of the surface tension to the overall
balance can be evaluated as the differential of the axial projections of the surface
tension components across the section boundaries:
dT = d (27yr cos a) dr (7.30)
Since cos a can be written in terms of the slope r' = dr/dz:
1
cos a = (7.31)
/1 + r'2
the differential on the right hand side of Eqn. 7.30 can be expanded into:
dT = 2iryr ( r 2 +r 2 ) 3 / 2 dr (7.32)
r v1 +r'2 (1 +r')/
Note that the surface tension contains contributions from the two principal radii of
curvature, as expected. The first term in parentheses is the radial curvature due
to the cylindrical symmetry while the second term is the profile curvature of the
generatrix. Projecting now the remaining pressure components in the axial direction,
the momentum balance for the cylindrical section yields:
dT dz d, 2  dz _ dz\ dvd- 27rPn + 27r -- Pt - - (7rr2p) = p7r r2 v - (7.33)dr dr dz dr dr dz
Applying momentum conservation to the control volume in Fig. 7-6 yields:
-Pt- dv (7.34)
r p dz dz
where the first term represents the contribution of the electrostatic shear stress dis-
tributed over the cross-sectional area of the control volume. Simplifying Eqn. 7.33
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by differentiating the pressure term with respect to z it is apparent that the momen-
tum equation in Eqn. 7.34 is contained within the axial stress balance in Eqn. 7.33.
Subtracting Eqn. 7.34 from Egn. 7.33 yields a relation which can be easily identified
as a normal stress balance for a surface element:
7( 1 - - P( -p = 0 (7.35)
r v/1 + r'2 (1 + r'2)3/2)
Finally, the flow must obey continuity. As discussed earlier, due to the low Reynolds
numbers, the shear stress applied at the surface diffuses through to the internal layers
of the fluid resulting in a fairly flat velocity profile. Assuming the profile to be uniform
across any cross section of the meniscus, one gets:
Q = 7rr 2 v (7.36)
Knowing the electrostatic stress components from Sec. 7.4.1, Eqns. 7.35-7.36 can
be solved simultaneously to yield the surface profile r(z) and the pressure variation
along the meniscus.
7.5 Results of the numerical model
7.5.1 Summary of the model
In order to avoid zero-slope singularities corresponding to the purely vertical or purely
horizontal slopes, all of the relevant derivatives were expressed in terms of s, the
distance along the fluid interface, and the polar angle 0 such that dz/dr = tan 0.
A summary of the resulting equations used in the numerical procedure is provided
below:
* Normal stress balance
dO _ sin 0 ( Pn, + p) (737)
ds r I
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e Axial momentum balance
dp 2 pQ
- =- Pt sin 2 + cos 0 (7.38)ds r 7r,
" Electric fields
E" = + eE (7.39)
E' Qd d(7.40)
n rrK ds r
Et =. (I2 - 2Q) (7.41)A 7rr r
" Electrostatic stresses
D 7ro2  
- C '21
P =c - E2- (1 -)E2(7.42)
Pt = CoEt[E" - cEi] (7.43)
" Surface element geometry
dr
-= cos 0 (7.44)d s
dz sin 0 (7.45)ds
" Electrostatics equations
dV
ds -- Et (7.46)
V = O- (7.47)
Overall, there are 11N + 1 unknowns and a total of 11 algebraic vector equations
and differential equations with the appropriate boundary conditions, where N is the
number of elements along the fluid interface. A similar analytical model by A. Ganan
Calvo [55] indicates that the total current is an "eigenvalue" of the problem and can
be analytically extracted by asymptotic matching. However, no numerical analog was
found, as of yet, as to the procedure for determining the overall current as part of the
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solution.
7.5.2 Preliminary numerical results
A one-dimensional logarithmic grid si along the fluid interface was used for discretiza-
tion. The minimum grid size at the tip was chosen so as to be smaller than the radius
of the meniscus at that location (dsti, < rtip). After the completion of each cycle, a
new surface profile r(z) was determined from the stress balance and matched to sat-
isfy the terminal conditions on r and z at the capillary. This was done by stretching
the grid si as well as the profile coordinates, ri and zi, by a constant multiple 3 until
the terminal condition on the radius was met. Since none of the relations (except for
the slowly-updating electrostatics) depend explicitly on z, each iterate can be shifted
appropriately along the z-axis to automatically match the terminal condition on z at
the capillary. The uniform stretching of the grid by a constant factor 3 ensures that
the geometrical constraints dz/ds = sin 0 and dr/ds = cos 9 are satisfied both before
and after the "stretching", i.e. d(#z)/d(#s) = sin 9, d(#r)/d(3s) = cos 0.
In spite of the difficulty in determining the overall current, preliminary test runs
for a prescribed value of I, have been obtained. Shown in Fig. 7-7 is a sample iterate
for a 20 pm capillary supplied with a formamide solution (K = 1 Si/m) at the flow
rate of 10-13 m 3 /s and an applied voltage of 3,000 V. The total current was chosen
to be at twice the value predicted by the empirical relation in Eqn. 5.36 for identical
operating conditions. Although it is believed that a stable solution can only exist for
a single value of the total current, increasing or decreasing the prescribed value of
the current by as much as factors of two or three made no significant difference in
the solution. Fig. 7-7 indicates that the tangential electric field is negligible within
the cone so that the fluid surface is mostly equipotential, as predicted by the Taylor's
model. In addition, pressure variations are found to be very small within the fluid
meniscus for r >> r*, once again confirming Taylor's assumption that the balance in
this region is achieved primarily by the two dominant stress components - the surface
tension and the electrostatic traction. Although signs of necking are clearly visible at
the tip of the meniscus, due to the lack of convergence in its vicinity, no conclusive
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Figure 7-7: Sample solution
statements can be made as to the steady-state diameter of the jet.
In the conical region, for which r >> r*, any stress imbalance that exists between
the cylindrical component of the surface tension and the normal electrostatic stress is
compensated by the properly chosen generator curvature (see Eqn. 7.37). Divergence
near the tip occurs due to the lack of balance between the three stress components
all of which are intensified as r -+ 0. As a result of the significant deviations from
equilibrium, large profile curvatures are required to compensate for the mismatch, cre-
ating a "swirling" surface profile. Although alternative iteration schemes which avoid
solving for the generator curvatures in the jet region may eliminate the instability, it
is believed that this divergence is not accidental but is a consequence of the improper
choice of the total current. Additional studies are needed to better understand the
nature of these solutions before any strides are made to obtain a numerically stable
iteration.
7.6 Conclusions
In spite of the divergence near the tip, formulation and development of this electro-
hydro-dynamic model is an important first step in identifying and understanding
the mechanisms which govern the operation of electrospray emitters. Although the
development of similar models has been attempted in the past, the physical and
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numerical formulations developed in this Chapter are some of the most complete.
The novelties implemented as part of this model are outlined below.
* The ability to simultaneously resolve features with relative geometrical propor-
tions of 10,000:1
* Formulation in the intrinsic surface coordinates (s, 9) was used to avoid singu-
larities associated with infinite slopes
* The model is flexible: arbitrary electrode geometries, fluid properties, and op-
erating conditions can be prescribed
* The model utilizes very few simplifying assumptions in the formulation and
implementation (i.e. includes effects of internal pressure, inertia, finite conduc-
tivity, finite flow rate, geometry, etc)
Preliminary results are in good qualitative agreement with existing theories, however,
additional theoretical work is required before any further progress can be made (see
Chapter 8 for Recommendations).
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Chapter 8
Conclusions and Recommendations
for Future Work
Some of the more important contributions of this work to the field of spacecraft
propulsion are briefly summarized in this Chapter. Notable progress has been made
in identifying the advantages and the limitations of the existing propulsion technolo-
gies through modeling and, where appropriate, fabrication and testing. This work,
however, is by no means exhaustive in the search for a "perfect" high-performance
miniature propulsion device. More importantly, as a result of the effort to develop a
working miniature prototype, a number of critical issues have been identified and an
extensive knowledge base has been acquired for any future work in this field. Based on
the author's own experience, some of the recommendations, suggestions, and general
directions for future improvements are presented in the following sections.
8.1 Contributions to the scaling methodology
Scaling of the existing high-power devices to attain operation at low power is not
a novel approach; it has been studied and experimentally attempted by many re-
searchers in the past. In most cases, however, scaling was implemented as either a
photographic reduction in the thruster dimension, or as a set of ad hoc variations in
the length scale, power level, B-field, and the flow rate to achieve optimal operation.
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Little consideration was given to the physical phenomena which actually control the
overall efficiency, specific impulse, and the lifetime of a particular device. The present
work is unique in that it identifies and develops, from first principles, a collection of
generic scaling strategies, designed specifically to preserve certain non-dimensional
quantities which ultimately characterize the performance of the individual thrusters.
Specifically, this work has demonstrated that gas-phase ionization devices, such as
Hall and ion thrusters, both require an increase in the particle density at small scale
in order to preserve high efficiency. It was shown that increasing particle densities
helps maintain the relative proportions of the mean free path to the length scale of
the device (see Chapter 2.2.2) and, therefore, preserves the utilization efficiency un-
der scaling. In all cases, however, deviations from this scaling strategy were shown
to have resulted in a decrease of the overall thruster efficiency, as supported by the
experimental data gathered from a number of existing commercial and laboratory
thrusters (see Sec. 4.5).
Another important aspect of the higher plasma density is the increased heat flux
into the wall. Although the heat fluxes were shown to increase with decreasing size,
it was found that, the temperature differentials must remain constant as long as
heat conduction is the dominant heat transfer mode. It was, therefore, important to
maintain the aspect ratios of critical thruster components so as to avoid overheating
them at small scale. A clear example of a case where the aspect ratio was not preserved
is in the design of a center pole piece for the 50 W Hall thruster. Although its diameter
was chosen strictly according to scaling, its length ended up being twice as long as
needed to maintain an adequate temperature differential. Permanent magnets, on the
other hand, were designed to have a disproportionately large base and, in spite of the
larger thickness, were able to reject heat and maintain relatively low temperatures.
The inability to use electric coils at small scale to produce the required magnetic
fields was shown to be an important aspect in the design of small-scale electron
bombardment devices. Although the use of permanent magnets has extended the
available scaling range to power levels beyond what is normally possible with electric
coils, they introduced a number operational difficulties. One of the most troublesome
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was the inability to adjust or "turn off" the magnetic field. As a result, both the
channel walls and the center pole piece collected metallic dust and magnetic particles
during handling and installation, causing excessive arcing and, at times, damage to
the anode.
The issue of the operational lifetime is generally of little concern for most high-
power devices, as they usually operate at lower plasma densities and suffer only mod-
erate erosion rates over the course of their operating life. For this reason, lifetime has
generally been overlooked by many of the researchers as a secondary issue. As it was
demonstrated in Sec. 2.2.2, however, a combination of smaller thruster dimensions
with a proportional increase in the particle fluxes at small scale, both result in a
dramatic increase of the erosion rates and a significant reduction of operating life.
The consequences of the increased erosion rates were clearly seen by examining the
erosion pattern at the tip of the center pole and at the outer edges of the anode in
a 50 W Hall thruster after about 8-10 hours of accumulated operational time (see
Sec. 4.6). Identification and experimental justification of the intrinsic lifetime limita-
tions of gas-phase ionization devices at small scale are thought to be two of the most
important contributions of this work.
Alternative scaling strategies were considered in the hope of alleviating lifetime
limitations at small scale. Studies have shown that viable solutions do exist for
improving lifetime by relaxing the constraint on the particle density and accepting a
partial loss in the operating efficiency. Most importantly, however, it was shown that
it is intrinsically impossible to build a small-scale, low-power device with electron
bombardment ionization which is both efficient and durable at the same time.
Finally, this work features the development and testing of the smallest Hall thruster
ever built. It is in the process of its design and fabrication that many of the previ-
ously unknown, yet critical issues were identified and lessons were learned. Scaling
rules, general design strategies, and guidelines developed here, are some of the most
important contributions of this work to the field of micropropulsion. It is hoped that
this work will not only stimulate interest, but will also provide a strong foundation
for any related work in this area.
147
8.2 Recommendations pertinent to scaling of Hall
thrusters
8.2.1 Theoretical work
1. The analysis of alternative scaling strategies developed for the Hall thrusters in
Sec. 4.5 opens up new avenues for exploration of the possible designs with re-
duced efficiencies and improved life. Since currently existing low-power devices,
such as PPTs, demonstrate efficiencies of only 7-10 %, while more efficient col-
loidal thrusters are still in their early stages of development and are unlikely to
be available for a number of years, low-efficiency Hall thrusters (r - 20 - 25%)
may become an attractive alternative to PPTs in the near future. It may,
therefore, be useful to perform a comparison study of these low-efficiency Hall
thrusters against other competing technologies and evaluate, from a systems
standpoint, the envelopes of mission objectives (velocity increments, available
power, mission duration and operating life) which could benefit from the use of
these devices.
2. Departures from strict scaling of the plasma density and its effects on the oper-
ating efficiency of Hall thrusters were analyzed in detail in Sec. 4.5. Departures
in the scaling of a magnetic confinement scheme, however, were never consid-
ered. Significant losses in the magnetic field strength have a well-known effect
of increasing the leakage of electrons and reducing the utilization efficiency. At
the other extreme, a disproportional increase in the magnetic field strength has
shown to have a similar effect on the efficiency due to the inability of the elec-
trons to penetrate the magnetic barrier and fully ionize the propellant. Quanti-
fying and generalizing these effects for families of existing thrusters is important
in an attempt to develop a complete sensitivity map of the performance on var-
ious scaling parameters and departures from strict scaling, similar to what was
done in Sec. 4.5.
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3. Scaling laws for the Hall thrusters, as presented in Sec. 2.2 and Sec. 4.5,
were developed under the assumption of continuous thruster operation. It is
conceivable, however, that in order to reduce mean operating power levels, a
larger thruster could be operated in a pulsed mode with a prescribed duty
cycle, delivering mean thrust levels which are lower than the instantaneous
nominal thrust. The instantaneous required power levels would be too high for
a miniaturized spacecraft, however, with an appropriate use of energy storage
elements, the thruster could be successfully operated in this regime. In fact,
such operation was achieved with a 200 W Hall thruster developed by Busek
Co., MA. Further studies, however, are needed to analyze the impact of pulsed
operation on thruster's efficiency and operating life.
8.2.2 Experimental work
1. Most of the miniature plasma devices may require a small-size cathode which
could be operated at low power. Although low-power cathodes which supply
adequate emission current per unit area do exist and are currently being used
in most electron microscopy devices, no cathode technology exists at this time
suitable for miniature propulsion. Development of low-power cathodes is an
important step for any future work in this area.
2. Development of adequate diagnostic equipment at small scale is important in
testing and troubleshooting new miniature devices. Specifically, small mag-
netic probes capable of resolving and mapping the profile of the magnetic field
strength over a length scale of 1 mm or smaller would have been extremely
useful in identifying the causes for the inefficiency of the 50 W Hall thruster.
Because of the intrinsically larger heat fluxes at small scale, adequate thermal
design of sensitive thruster components becomes very important. Development
of miniature temperature probes, which could be installed to monitor critical
elements during operation, would be important for testing and validation of
prototype designs.
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8.3 Contributions to the modeling of colloidal thrusters
The physics of colloidal thrusters has been studied for decades, yet many of the phe-
nomena that govern their operation are still either poorly understood or completely
unknown. Numerous attempts have been made in the past to model the operation of
colloidal thrusters, however, most of these models failed to include all of the critical
elements necessary to predict the performance of a colloidal thrusters subject to an
arbitrary set of operating conditions.
This work, on the other hand, presents one of the most complete formulations of
the physics of colloidal thrusters, including the effects of non-zero flow rate and non-
zero electrical conductivity as well as the effects of internal pressure, fluid inertia,
electrostatic forces, and arbitrary electrode geometry (Sec. 7.2). One of the more
important novelties of this model is its ability to capture and resolve not only the
base of the conical meniscus, but also the very tiny jet with a scale ratio of up to
10,000:1 in geometrical dimensions (Sec. 7.5.2). Another novelty developed in the
present work is the use of intrinsic coordinates along the fluid interface to avoid
numerical singularities that other models experience in the cases of purely vertical
or purely horizontal profiles (Sec. 7.4.2). Most importantly, however, this model
is extremely flexible in that it can be used to predict the performance of colloidal
thrusters with arbitrary geometries and for a variety of operating conditions.
A separate semi-analytical flow model was developed to predict the effects of
viscosity on the flow pattern in the interior region of the conical meniscus (Chapter
6). It was concluded, based on the results of the model, that the viscous shear
flow is insignificant in the vicinity of the tip regardless of fluids viscosity and for
most operating conditions of interest (see Sec. 6.3). This result is important as it
validates one of the critical assumptions, made in the formulation of the more detailed
electrohydrodynamic model, that the fluid flow at the surface of the meniscus can be
well approximated as a one-dimensional inviscid flow.
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8.4 Recommendations pertinent to the modeling
of colloidal thrusters
1. The model developed in Chapter 7 to simulate the behavior of cone-jet emitters
is adequate only in the conical region where the internal pressure, surface ten-
sion, and electrostatic stresses are all small in magnitude. Any imbalance of the
stress components in this region is compensated by the profile curvature, cre-
ating a well-known bullet-like meniscus. In the vicinity of the jet, however, all
three of the stress components become proportionately larger. As a result, in-
termediate iterates require large profile curvatures to compensate for the stress
imbalance causing the shape of the meniscus to twist and subsequent iterations
to diverge. Alternative schemes are required to obtain convergent solutions in
this region.
2. A number of existing analytical models indicate that a stable solution can only
be obtained for a single value of the total current extracted as part of the
computation. As there is currently no available method for determining this
current numerically, additional analytical work is required to understand the
nature of the solution in order to develop a suitable procedure or a criterion to
consistently solve for the value of the total current at each iteration.
3. As it was indicated in Chapter 5, the mixed regime, when both ions and droplets
are emitted, may be a more desirable mode of operation as it improves the mean
specific impulse of the device. It is, therefore, important to include the mecha-
nism of ion emission as part of the numerical model. The large currents usually
associated with the emission of ions may have an impact on the conductive and
the convective components of the total current within the cone, thus modifying
some of the electrostatic and geometrical properties of the fluid meniscus cur-
rently obtained in the absence of ions. Implementation of this mechanism and
its integration with the currently existing model amounts to setting a threshold
on the external electric field near the tip corresponding to E" e Ec,. When the
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threshold is exceeded, the ion current density can be locally modeled by Eqn.
5.62. The current conservation equation (Eqn. 7.24) will have to be modified
accordingly to account for the loss of ions at the surface.
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Appendix A
Additional Considerations in the
Scaling of Hall Thrusters
This section contains additional details on the scaling model of Hall thrusters, sup-
plementing a brief summary presented in Chapter 2.
All of the basic plasma phenomena in Hall thrusters rely heavily on the ionization
process that takes place within the acceleration chamber whereby the neutrals are
ionizied in collisions with the electrons. As the size of the device is reduced, all else
remaining unchanged, the number of collisions that the electrons and the neutrals ex-
perience with each other as they traverse the effective length of the device is reduced.
Thus, in order to maintain the collisionality properties of the plasma, it is necessary
to increase the number density of each species in proportion. This is equivalent to
the statement that the ratio of the mean free paths of each of the species to the
characteristic length of the device has to be preserved under scaling
A _1
= const. (A.1)L nQL
where n is the particle number density and Q is the collision cross-section. Here
we have assumed that the collision cross-section, being a function of the electron
temperature alone, remains invariant. Thus, particle densities (both ne and n,) are
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inversely proportional to the characteristic thruster dimension:
1
L
Invariance of Te also yields a similar result for the pressure p:
p (A.3)L
Knowing the particle densities, it is now possible to determine how the mass flow rate
of the propellant scales with size:
T = mincA (A.4)
where c is the ion exhaust velocity and A is the cross-sectional area of the channel
opening. Since the number density scales inversely with size and the area scales as
the square of the size, the mass flow rate must be linear in the characteristic thruster
dimension:
rh ~ L (A.5)
We shall now turn to the discussion of the electrical properties of the plasma. The
total current in the channel can be deduced from a one-dimensional generalized Ohm's
law:
1 dPj=co(E + n ) (A.6)
en dx
where a is the electrical conductivity given by:
o - (A.7)
meu
and v is the collision frequency, proportional to the neutral number density. Since
both number densities scale the same way, a remains invariant, and therefore:
V 1 (A-8)
L L
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As an additional mechanism, based on Bohm diffusion across the magnetic field,
en
16B (A.9)
which is also invariant, provided both ne and B both scale as 1/L (see below). The
electron current, then, is the product of the current density and the plasma column
area (~ L 2 ), hence:
I, ~ L (A.10)
The ion current density, on the other hand, is governed by the distribution of ioniza-
tion rates (V -ji = ene), and since the ionization mean free path remains the same
fraction of length, ne will be distributed the same way, and its magnitude will scale
as neVi/L - 1/L 2 , giving
j1/L (A.11)
Ii ~ L (A.12)
The previous result suggests that the utilization efficiency, given by:
ru = *i (A.13)
em
scales as the ratio of the ion current to the mass flow rate, and thus remains invariant,
as desired. The total power required for the thruster scales as the product of the
applied voltage times the ion current:
P = VI ~ L (A.14)
This relationship forms the basis for scaling, as it is the desired power level in the
miniaturized thruster that ultimately determines its characteristic dimension.
We can now examine the losses and evaluate the thruster efficiency. The loss of
ions to the wall can be estimated as the ion current into the wall times the ionization
potential:
Pwau ~ vBohmneA'i ~ L (A.15)
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where VBohm = VkTe/mi. Therefore, the overall efficiency, which depends mainly on
the wall recombination losses (Pwaii/P), ionization-radiation losses, and neutral losses
(Ij,), will remain invariant, as desired.
In order to preserve the electron confinement characteristics by the magnetic field,
it is necessary to maintain the ratio of the Larmor radius relative to the chamber
dimension constant:
rL - m const. (A.16)
L eBL
Hence,
B - (A.17)L
Although most of the parameters considered above scale with the thruster dimension
as desired, the sheath thickness (Debye length) which goes as VTe/ne, scales as vL
hence violating the general trend. As a result, sheaths will become proportionally
bigger as the characteristic dimension is reduced. It is believed, however, that this
does not have a strong impact on the general scale invariance as long as the sheaths
remain much thinner than the channel width.
Finally, an electron energy equation can be used as a check on the assumption
of the electron temperature invariance under scaling. Neglecting for the moment
radiation and elastic losses, the electron energy equation reads:
V -( he - KeVTe) = E - je (A.18)
e
where he is the electron enthalpy (including ionization), and is invariant if Te is
constant, and Ke is the electron thermal conductivity. The general Wiedemann-
Franz law states that Ke/o is proportional to Te, the proportionality constant being
~ (kB/e 2 ) for a plasma; since o and Te are invariant, so is Ke. It can be verified,
therefore, that each term in the electron energy equation scales as 1/L 2 , and the
conservation law is satisfied by the same Te at all scales. Elastic power loss to heavy
particles also scales (per unit volume) as 1/L 2 , as can be easily verified as follows. The
energy transfered from an electron to an ion due to an elastic collision per electron is
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given by:
2m2m = e(A.19)
M
Then, the energy per unit volume per unit time can be written as:
Se1
Pelastic = -ne (A.20)
t L2
as desired. Radiative losses deserve special consideration. Due to the preservation
of all mean-free-path ratios, the gas opacity will be preserved, and, since radiation
is volumetric (optically thin limit) in existing Hall devices, it will remain so upon
scaling. The radiative power loss per unit volume will then scale as the ionization
rate, 1/L 2, since both, ionization and excitation of atoms are driven by electron-atom
collisions, and photon emission is prompt. Thus, the common practice of accounting
for radiative losses by using in the electron energy balance an "effective" ionization
energy of 2 - 3 times eV will remain valid, with the same factor at all scales. Notice
that for devices or components where radiation is from the surface only (optically
thick limit), radiative power losses per unit volume will scale as 1/L, and will become
weaker than other terms in the energy balance when L is reduced.
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Appendix B
Additional Considerations in the
Design of a 50 W Hall Thruster
B.O.1 Vacuum insulation
The internal thruster walls are electrically insulated from the anode by a vacuum gap
(as shown in Fig. B-1) which prevents any discharge from being initiated due to the
presence of a gas leak. As the analysis below shows, the gap size scales directly with
the mean free path for a given characteristic size, and therefore, vacuum insulation
would be effective as long as the mean free path of the neutrals is much larger than
the gap size. Assuming, as a worst case, that all of the flow will leak through the
gap, the number density there can be determined from the following relation:
rh mncA (B.1)4
where c is the speed of sound and A is the flow area of a cylindrical shell and is given
by:
A = 27rd (B.2)
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Figure B-1: Vacuum gap insulation
where r is the characteristic shell radius and d is the gap size. Thus, the ratio of the
mean free path to the characteristic shell radius can be estimated to be:
A- (B.3)
d 2rhQ
where Q is the collision cross-section. Using typical values, rh = 0.2 mg/sec, c, = 350
m/sec, r = 3 mm, A/d is on the order of 90, which is sufficient under the above
assumptions. The actual gap size (- 0.3 mm) was arrived at based on the tradeoff
between the results of the magnetic circuit analysis, requiring smallest gap possible
between the poles, together with the anode alignment and manufacturing considera-
tions.
B.O.2 Analytical thermal model of the anode
Assuming a 1-D geometry as shown in Fig. B-2, one can compute the temperature
distribution along the anode, given the input power Qi2 = 25 W and the ambient
temperature Tamb = 300 K. It is further assumed that all of the heat is generated at
the tip of the anode (x = 0) and conducted through the capillaries to the insulating
material (BN). It is then rejected to the support structure maintained at the ambient
temperature. Along the surface of the anode, part of the heat flux is lost due to
radiation to the surrounding magnet and to the central pole piece. These heat fluxes
can be accounted for in the balance and the rate of change of the total heat flux along
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Figure B-2: 1-D thermal model
the anode can be written as follows:
dq(x)
= -27r(R, + R)eo -T4 (x) (B.4)
dx
Since the ultimate goal is to obtain a temperature profile, the total heat flux can be
related to the anode temperature through the Fourier law:
q(x) -kaAadT(x) (B.5)dx
These equations can be solved simultaneously with the appropriate boundary condi-
tions to yield the following differential equation:
dT (x) 4,c(Ro + Rjia jo-e )_T Qin
dx 5kaAa kta + [ QAa (B-6)
where Ro and Ri are the outer and inner radii of the anode respectively, ka is the
thermal conductivity of the anode material, Aa is its effective heat conduction area,
and Tu, is the anode tip temperature. This equation is incomplete by itself and
requires another condition. This condition can be obtained by relating the heat flux
at the anode root (qa) to the respective temperature gradients across the capillaries
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Figure B-3: (a) Anode temperature profile; (b) Radiative heat fluxes
and across the insulator:
(Ta - TBN)
ga = ea (B.7)
Rcap
(TBN - Tamb)
ga = B (B.8)RBN
where Reap and RBN are the effective thermal resistances of the capillaries and the
boron nitride (BN) insulator respectively. The last three equations can be solved iter-
atively to obtain the anode temperature distribution and the corresponding radiative
heat fluxes to the central pole and to the outer magnets. With the proper choice of
materials and component configurations it is possible to achieve reasonable tip tem-
peratures with an adequate margin. The anode temperature profile along with the
radiative heat fluxes predicted by the model for the selected geometry are shown in
Fig. B-3.
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